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Abstract 

Using the worldline S'?7(2|l) superfield approach, we construct AA = 4 superconformally 
invariant actions for the d = 1 multiplets (1,4,3) and (2,4,2). The SU{2\1) super- 
field framework automatically implies the trigonometric realization of the superconformal 
symmetry and the harmonic oscillator term in the corresponding component actions. We 
deal with the general AA = 4 superconformal algebra 11(2,1; a) and its central-extended 
a = 0 and a = —1 psu{l, 1|2) © su{2) descendants. We capitalize on the observation that 
D{2, 1; a) at a / 0 can be treated as a closure of its two su(2|l) subalgebras, one of which 
defines the superisometry of the SU{2\1) superspace, while the other is related to the first 
one through the reflection of g, the parameter of contraction to the flat AA = 4, d = 1 
superspace. This closure property and its a = 0 analog suggest a simple criterion for 
the SU{2\1) invariant actions to be superconformal; they should be even functions of g. 
We find that the superconformal actions of the multiplet (2,4,2) exist only at a = —1,0 
and are reduced to a sum of the free sigma-model type action and the conformal super¬ 
potential yielding, respectively, the oscillator potential ~ g^ and the standard conformal 
inverse-square potential in the bosonic sector. The sigma-model action in this case can 
be constructed only on account of non-zero central charge in the superalgebra su{l, 1|2). 


PACS: 03.65.-W, 04.60.Ds, 04.70.Bw, ll.30.Pb 
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1 Introduction 


Recently, there was an essential progress in constructing and understanding the rigid super¬ 
symmetric theories in curved superspace which attract attention in connection with the general 
“gauge/gravity” correspondence (see, e.g., [H El |3] and references therein). In [H [5], two of 
us elaborated on the simplest d = 1 analogs of such theories, the SU{2\1) supersymmetric 
quantum mechanics (SQM) models, proceeding from the 517(211) covariant worldline super- 
held approach. Two types of the worldline 517(211) superspace as the proper supercosets of 
the supergroup 517(211) were constructed. Both superspaces are deformations of the standard 
J\f = 4, d = 1 superspace (see |6] and references therein) by a mass parameter m. The off- and 
on-shell deformed versions of the TV = 4, 7 = 1 multiplets (1, 4, 3) and (2, 4, 2) were studied 
and proved to possess a number of interesting peculiarities as compared with their “hat” m = 0 
cousins. One of such new features is the necessary presence of the harmonic oscillator terms 
~ in the bosonic sectors of the corresponding invariant Lagrangians. The “weak supersym¬ 
metry” model of ref. [7] and the “super Kahler oscillator” models of refs. m were recovered 
as the particular cases of generic 517(2|1) SQM associated, respectively, with the single mul- 
tiplet (1,4,3) and a few multiplets (2,4,2). It is interesting to inspect the superconformal 
subclass of the 517(2|1) SQM models. This is the main subject of the present paper. 

As was argued in |T0] , conformal mechanics m can be divided into three classes character¬ 
ized by the parabolic^ trigonometric and hyperbolic realizations of the 7 = 1 conformal group 
50(2,1) 5L(2,M). Earlier, supersymmetric extensions of conformal mechanics correspond¬ 

ing only to the parabolic transformations were mainly studied [T^fTSl lG]. Motivated by [10], the 
classihcation of superconformal A/" = 4 SQM models was recently extended by the trigonomet¬ 
ric/hyperbolic type [H]. The basic difference of the trigonometric/hyperbolic superconformal 
actions from the parabolic ones is the presence of oscillator potentials. The standard 7=1 
Poincare supercharges present in the superconformal algebras are not squared to the canonical 
Hamiltonian in such models. The actions of trigonometric/hyperbolic superconformal mechan¬ 
ics cannot be obtained from the standard A/" = T 7 = 1 superheld approach, while the parabolic 
actions are well described just within the latteipj. It turns out that it is the 517(2|1) superheld 
approach that is ideally suited for the comprehensive description of the trigonometric A/" = 4 
superconformal actions. The hyperbolic actions can be obtained from the trigonometric ones 
by a simple substitution. 

Our construction is based on the appropriate two-parameter embedding of the superspace 
supergroup 5t/(2|l) into the most general A/" = 4, 7 = 1 superconformal group D (2,1; a), with 
the contraction parameter m being redehned as m —)• —ap and pi also appearing in the basic 
anticommutator on its own. At any a ^ 0 the whole conformal superalgebra D (2,1; a) can be 
obtained as a closure of the original superalgebra s-u(2|l) and its —p counterpart, which suggests 
a simple selection rule for the superconformal 5f/(2|l) SQM Lagrangians as those depending 
only on At a = 0, the basic sm(2|1) contracts into some hat A/" = 4, 7 = 1 superalgebra 
which is still diherent from the standard A/" = 4, 7 = 1 “Poincare” superalgebra and involves the 
parameter /i in such a way that D (2,1; Q!=0) ~ psu(l, 1|2) © su(2) (and its central extension) 
can be obtained as a closure of this hat superalgebra and its —/i counterpart as subalgebras 
of V (2,1; a=0). This important property makes it possible to sort out the superconformal 
actions in the special a = 0 case too. Exploiting the closure property just mentioned, we hnd 

^The possibility of adding an oscillator term to the DFF action m without breaking conformal symmetry 
was firstly noticed in m- The Af = 2 superconformal extensions of such actions were considered in nsum. 
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the universal two-parameter family of the realizations of the conformal supergroup D (2, l;a) 
on the coordinates of the 517(211) superspace, as well as on the superhelds representing the 
off-shell multiplets (1,4,3) and (2,4,2), at all admissible values of the parameter a (for the 
second multiplet, only a = —1 and a = 0 are allowed). These realizations automatically 
prove to be trigonometric while the corresponding super conformal actions necessarily involve 
the oscillator-type terms ~ jj?. The parabolic realizations of D (2,1; a) and the corresponding 
actions are recovered in the limit /i = 0, in which both sm(2|1) and its a = 0 analog go over 
into the standard p-independent A/" = 4, d = 1 Poincare superalgebra. 

The paper is organized as follows. The salient features of the 517(211) superspace approach 
are sketched in Section El In Section [3l the embedding of sm(2|1) in D{2,l;a) is discussed 
along the lines outlined above and the relevant 517(2|1) superspace realizations of D{2,l]a) 
are explicitly presented. The study of the trigonometric models of superconformal mechanics 
associated with the multiplets (1,4,3) and (2,4,2) is the subject of Sections 0] - [71 We con¬ 
struct the superheld and component off- and on-shell actions for various cases, distinguishing 
those which admit additional conformal inverse-square potentials in the bosonic sector. The 
alternative (albeit equivalent) construction of the component superconformally invariant ac¬ 
tions, based on the il-module representation techniques, is briefly outlined in Section [HI on the 
example of the multiplet (2,4,2). Section [9l is a summary of the basic results of the paper. 
In Appendices, we collect some details concerning the central extensions of the superalgebra 
D (2,1; a) with a = —1 (or a = 0), the generalized chiral 517(2|1) multiplets (2, 4, 2), as well 
as the hyperbolic superconformal mechanics. 


2 SU{2\1) superspace 


First of all, we need to dehne the superalgebra sn(2|l). Its standard form is given by the 
following non-vanishing (anti)commutators: 


{Q\Qj] 

a.Qi 


-- 2m/j + 2S‘H, 

1 i-Q, - s;q, , 



H,Q’‘ 


\ji rfe] — xkri _ Xirk 


( 2 . 1 ) 


The generators satisfy the following rules of the Hermitian conjugation: 

(Q‘)'=Qt. (<?»)' = Ot H'^H. (2.2) 

The generators /* are the 517(2) symmetry generators, while the mass-dimension generator H 
corresponds to 17(1) symmetry. The superalgebra fl2.ip can be regarded as a deformation of the 
flat W = 4, d = 1 “Poincare” superalgebra by a real mass parameter m. In the limit m = 0, 
H becomes the Hamiltonian (alias the time-translation generator) and the generators Jj dehne 
the outer 517(2) automorphisms. 

One can extend fl2.ip by an external 17(1) automorphism symmetry (/^-symmetry) generator 
F which has non-zero commutation relations only with the supercharges [1]: 


[F, Qi] = -\qi, [n Q"] = 1 ot (J^)' = F 


(2.3) 
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After redefining H = H — mF, the extended snperalgebra sm(2|1) © M(l)ext acqnires the form 
of a centrally extended snperalgebra sm(2|1): 

{Q', Qi) = 2m/J + 2S*(H - 2mF), [/*, /f] = 6p; - i\l '], 

[I], Qi] = \s]Qi - siQi . [I], Q‘‘] = 61^ - 

[F,Q,]^-\q,, [F,Q‘‘]^\qK (2.4) 

All other (anti)commntators are vanishing. The generator H is the relevant central charge. This 
extended snperalgebra is also a deformation of the A/" = 4, d = 1 Poincare snperalgebra. In the 
limit m = 0, H becomes the Hamiltonian and Jj, F tnrn into the onter U{2) antomorphism 
generators. 

In the present paper, we start from the framework of the SU{2\1) snperspace constructed 
in [1]. The SU{2\1), d = 1 snperspace is identihed with the following coset of the extended 
snperalgebra fl2.4p : 


SU{2\1) X 17(l)ext {Q\Qj,H,F,P.} 

^t/(2) X [/(l)int ^ 

It is convenient to deal with the snperspace coordinates ( := as in [U [5]. They are 

related to those in the exponential parametrization of the supercoset fl2.5p as 


g = exp 


^ {9,Q^ + 9^Q,) I exp {itH}, (d,) = 9\ (2.6) 


The extended supergroup S'f/(2|1) acts as left shifts of the supercoset element (12.6p . The 
corresponding supercharges are realized as 

Q* = 7 ^ - 2m + iFdt -mFF + m9Hl-m9^9k) 4 , 
o9i o9'^ 

Qj = -^ + 2m + i9jdt - m 9jF + m (l - m 9^9k) , (2.7) 

and the bosonic generators as 


F = 


.4 d 


d 


9^ ^-9,— \--5U9 


89^ 


H = idt, 


'89. 


F=^\ 9^ 


: d 

89^ 

A 

89^^ ’"89k 


- 9k 


A 

89k 


( 2 . 8 ) 


Here, Ij and F are matrix generators of the U{2) representation by which the given super- 
held is rotated with respect to its external indices. According to fl2.7p . the supersymmetric 
transformations , e* = (e^) of the snperspace coordinates are given by 

59i = ei + 2me^9k9i, 6F = 8 - 2mek9’^9\ 6t = i {e’^9k + ek9^) . (2.9) 

The 517(211) invariant integration measure is dehned as 

dC = dtd^9d^^l + 2m9^9k) , 6dC = 0 . ( 2 . 10 ) 
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The covariant derivatives Vj, are defined by the expression 




= 


i + me%-^{ef {ef 


-.a, 


V, = - 


+ m9^F-m 9^ (l - m 9'^9k) 1] , 
3m^ 


1 + m 9^9k — 


{Of {9)- 




■ m 9jF + m9k (l — m 9^9k) Ij , 


V 


h) 


= dt 


( 2 . 11 ) 


and satisfy, together with ifF, the snperalgebra which mimics fl2.4l) . Under the left SU{2\1) 
shifts of the coset element fl2.5p the spinor covariant derivatives nndergo the indnced SU{2) 
transformations in their donblet indices and an indnced F transformation with respect to which 
P* and Fi possess opposite charges. In the limit m = 0 , the formnlas of the standard fiat A/" = 4, 
d = 1 snperspace are recovered. The snperfields given on the S'f/(2|1) snperspace (12.51) can have 
external SU{2) indices and U{1) charges on which the proper matrix realizations of the relevant 
generators act. 

There exists an alternative definition of the SU{2\1) snperspace, in which the time coordi¬ 
nate is associated as a coset parameter with the total internal U{1) generator FI = FI — mF, 
while F is still placed into the stability snbgronp [5]. As was already mentioned, in the basis 
{H, F) the generator F is split from other generators, becoming the purely external U{1) auto¬ 
morphism. The relevant supercoset is schematically related to (12.5p just by replacing H ^ H: 


^f/(2|l) X f/(l)ext {Q\Q,,H,F,P.} 

SU{2)xUilU ^ {IfF} ^ {/j} ■ ^ 

The same replacement H ^ H should be made in the coset element (12.5p . giving rise to the 
coset element g. Due to the relation H = H — mF, these two coset elements are related as 


g = g exp{—imtF}. (2.13) 

Under the left shifts by the fermionic generators the coordinates ( = {t, 9i,9^} are transformed 
according to the same formulas (12.9p . so they can also be treated as the parameters of the 
new supercoset. The difference from the first type of the SU{2\1) snperspace is the absence of 
independent constant shift of the time coordinate, which can still be realized under the choice 
(12.5p . The left H shift gives rise to a shift of t accompanied by the proper U{1) rotation of the 
Grassmann coordinates. The corresponding covariant spinor derivatives differ from (12.lip by 
the absence of the part ~ F and by some overall phase factor ensuring them to transform only 
under induced SU{2) transformations. These modifications can be easily established from the 
precise relation (I2.13p . The corresponding snperfields can carry only external SU{2) indices. 

^For Grassmann coordinates and variables we use the following conventions: (xf = XiX*, ixf = x'“Xi ■ 


4 

























3 Embedding of su{2\l) into D{2,l]a) 

The most general d = 1, Af = 4 super conformal algebra is D (2,1; a) [HI [18]. It is spanned by 
8 fermionic and 9 bosonic generators with the following non-vanishing (anti)commutators: 


{Qaii' y Q 2 j'Ta/S T Oi €af}6i'j'Jij (l-|-0:) SoipCijLi'ji , (3.1) 

Q-yii'] ^ ^'y{aQ/3)ii' y ^7<5] ^ CfisTa'y^ y 

\JijyQaki'^ i (^k{iQaj)i' y 'Jkl\ ^ {^ikJjl T ^^jlJik') y 

\Li'j'y Qaik'\ ^k'{i'Qaij') y \Li'j' y Lk'v\ f k'Lj'l' T (^j'l'Li'k') ■ (^•2) 


The bosonic subalgebra is su{2) © su'{2) © so(2,1) with the generators Jiky Li/k' and Tap, 
respectively. Switching a as a ■(-)■ —(1 + a) amounts to switching SU{2) generators as Jik -H- 
The Hermitian conjugation rules are: 




d - 


= Q 


ajj ) 


{TapY = Tap y {J^jy = Th^^Jki y 


k’V 


(3.3) 


The = 4, d 
Zl(2,l;a): 


= 1 Poincare superalgebra can be defined as the following subalgebra of 


{Qlii'yQljj'} ‘2€ij€i'j'H, 


(3.4) 


where H is one of the generators of the conformal algebra so(2,1) represented in fl3.ip and fl3.2p 
by the generators Tap . The standard conformal so(2,1) generators are identihed as 


H := T 


11 ) 


K := T 


D,H 


= -iH, 


22 , 
b,k 


D := T 


12 , 


= iK, 


H,K 


= 2iD. 


(3.5) 

(3.6) 


In the degenerate case a = — 1 one may retain all eight fermionic generators Qau' and only 
six bosonic generators Tapy Jij forming together the superalgebra psm(1,1|2) without central 
charge. The second SU{2) generators Lj/y drop out from the basic anticommutation relation 
(EO. Yet, they can be treated as the generators of some extra SU'{2) automorphisms. Taking 
a = 0, one can suppress, in the same way, the generators Jij in fl3.ll) . ending up with SU'{2) as 
the internal group and the hrst SU{2) as the external automorphism group. Thus in the cases 
a = —1 and a = 0 the supergroup D (2,1; a) is reduced to a semi-direct product: 


a = -1,0, Zl(2,l;a) = P5[/(1,1|2) X 517(2)e.t, (3.7) 


with SU{2)eyct being generated, respectively, by Li/j> or Jij. Note that in these exceptional 
cases one can extend the psm(1,1|2) superalgebra by the proper SU{2)ext triplets of central 
charges [13]. If these central charges are constant, the triplet can be reduced to one central 
charge, which enlarges psu{l, 1|2) to sm(1, 1|2) and simultaneously breaks S'f/(2)ext to 17(l)ext 
(see Appendix 

We will be interested in the most general embedding of the superalgebra sm(2|1) into 
D (2, 1;q(). To this end, we pass to the new basis in D (2,!;«) through the following linear 

^More generally, the equivalent superalgebras are related through the substitutions a —>■ —(1 -|- a), a~^. 
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relations: 


e^^Qikv =: (S^ + QO > QiJ2' =■■ + 0,) , 

s''^Q2ki' =: ^ (Q* - S^) , Q2j2' =: (Q, - , 

?^ + i(T + T) , 

ri 2 =T 2 i=:^(T-f), /i^O, 

Li'i' =: — iC, -Zv 2 ' 2 ' iC^ L\i2i = -^^ 2 'i' —'^-^5 • (3-8) 

Here /r is a real parameter of the mass dimension. In the new basis, the (anti)commutators 
(M, (IS21) are rewritten as 

{Q\ Qj} = -2a/i /; + 26) ['H+{l + a)fiF], 

{S\ Sj} = 2afi 1] + 25] [%-{! +a) ^iF], 

{S\Q,} = 25^, {Q\S^} = 26^, 

{Q\ S^} = -2 (1 + a) /i {Q„ Sk} = 2{l + a)fx e,kC , (3.9) 


T 22 —■ 

fj? 


n--{T + f) 


Tn =: 


r fi rfcl _ xkji _ ri jk 


A© = 

[l‘,Q‘‘]=yQ‘-]s]Q\ 

[/;, Sj = 1 3‘5, - ilSj, 

[/‘,S'=] =3*S‘-i3‘S‘, 

[C.C]=2F, |F.C]=C, [F,C]=-C, 

[C. Qj]= [C. S,] = -£j,Q‘, [G, Q'] = -e'^St , [C, S'] 


[F,Si] =-lSi, = 


(3.10) 


= -e^^Qk , 

ls‘, (3.11) 


[T,T]=- 2ti-H, \H,T]=tiT, [W,f]=-fif, 

[T, Q‘] =-iiS‘, [T, Sj]=-iiQ ,, [f.[f. S'] =^iQ', 

[W,S,]=-|S,. [W.(5,] =|(3i, [■H.0‘] = -|0'=. (3.12) 

The bosonic sector consisting of the three mutually commuting algebras is now given by the 
following sets of the generators 

su{2) © W(2) © so(2,1) = {ll} © {F, C, C} © {n, T, f} . (3.13) 

According to fl3.3|) and f|3.8p . the conjugation rules are as follows 

(o‘)'=0t, (s’-y^st, 

(F)* = F, (© = C, = W*=W, (r)t = f. (3.14) 
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Note the relation 


n = H + ^k. (3.15) 

In the contraction limit /i = 0, the algebra (13.91) - fl3.12p becomes a kind of A/" = 8 , d = 1 
Poincare superalgebra (with the common Hamiltonian T-i) extended by the central charges T, T 
originating from the so(2,1) generators. The remaining two su{2) subalgebras become outer 
automorphism algebras which form a semi-direct product with this A/" = 8 , d = 1 superalgebra0. 
At any /x 7 ^ 0, the relations fl3.8p dehning the new basis contain no singularities, and so eqs. 
(13.91) - (I3.12P yield an equivalent form of the original superalgebra D (2,1; a). After coming back 
to the original superconformal generators any dependence of the (anti)commutation relations 
on n disappears while it still retains in the realizations of H ( 2 , 1 ; a) on the coordinates of the 
SU{2\1) superspaces (see below). Taking the /x = 0 limit in this basis gives rise to the standard 
parabolic realizations of D (2,1; a) in the flat A/" = 4, d = 1 superspaces. 

The sm(2|1) basis in D (2,1; a) makes manifest some remarkable properties of this superal¬ 
gebra which are implicit in the “standard” basis. 

i. It is straightforward to see that the superconformal algebra (|3.9p - (l3.12p includes as a sub¬ 
algebra the following superalgebra s-u( 2 |l): 

{Q\ Qj} = -2a/i [-H + (1 + a) /i F], 

[/•• 4] = \s]Qt - SlQs . [/■• ^-4 - 


[F,4]=-lg,, [F,Q‘]=iQ/ 


[w.4] = fQi. [w.Q‘] =-fQ'=- 

(3.16) 

These relations coincide with (12.4p under the following identihcations 


m{fi) = —a/i , 

(3.17) 

//(/i) = -H + /iF. 

(3.18) 


We observe that the closure of the SU{2\1) supercharges depends on the parameter a, because 
the SU{2) and SU'{2) generators Jij = —ilij and Ljq/ ~ {F, C, C*} appear in the basic anti¬ 
commutator (13.ip with the factors a, 1+a, respectively. The U{1) generator F in (I3.16p comes 
from su'{2), while the hrst su{2) with the generators Aj is just su{2) C sm(2|1) . 

ii. We see from (13.9p - (I3.12p that there exists another sm(2|1) C D (2,1; a) generated by the 
generators S'*, Sj and corresponding to the identification 

m(—p) = afi , (3.19) 

H{-^)=n- iiF (3.20) 

in (12.4p . Hence, its (anti)commutation relations are obtained from (I3.16p via the substitu¬ 
tion fi —)■ —/i and passing to the new independent supercharges {Si,S^). As follows from 

“^The full automorphism group SO{8) of the Af = 8,d = 1 superalgebra is broken down to S'0(4) ^ SU (2) x 
SC/'(2) due to the presence of central charges T,T. 
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03.91) - 03.12p . all the remaining generators of D (2, l;a) (i.e. T,T,C,C) appear in the cross¬ 
anticommutators of the supercharges {Q\ Qj) with {Si, S^). Thus the superalgebra D (2,1; a) 
can be represented as a closure of its two sm(2|1) supersubalgebras: sm(2|1) given by the re¬ 
lations 03.16P and another independent sm(2|1) with the (anti)commutation relations obtained 
from those of the former su(2|l) through the replacement /i —>■ —/i. We were not able to hnd 
such a statement about the structure of D (2, 1;q;) in the literature. This property is similar 
to the property that the M = l,d = 4 super conformal group SU{2,2\1) can be viewed as a 
closure of its two different OS'p(l,4) subgroups related to each other through the analogous 
“reflection” of the anti-De-Sitter radius as a parameter of contraction to the flat J\f = l,d = 4 
Poincare supersymmetry [19]. In what follows, this observation will be useful for constructing 
D (2, l;a) invariant subclasses of the SU{2\1) invariant actions. 

iii. In the cases a = —1 and a = 0 the supergroup D (2, l;a) is reduced to the semi-direct 
product (13.71) . with S'f/(2)ext being generated, respectively, by Li^ji or Jij = —ilij. The re¬ 
maining SU{2) subgroups enter the relevant PSU{1,1\2) factors. Each of the corresponding 
superalgebras psu{l, 1|2) can still be interpreted as a closure of its two sm(2|1) subalgebras, like 
in the case of a G M\{0}, M\{—1}. In particular, the superalgebra fl3.16p at a = —1 is identical 
to fl 2 .ip with m = fi and 'H as the U{1) generator. The generator F splits off as an external 
automorphism. 

iv. One more peculiarity is associated with the presence of the “composite” deformation 
parameter m = —ap in fl3.16p . It vanishes not only in the standard contraction limit p = 0, 
but also at a = 0 with /i 7 ^ 0. For a = 0, the superalgebra fl3.16p is reduced to the flat Af = 4 
superalgebra 


{Q\Qj}^ 26 •{n + ^iF), 

[n, (?,] = IQ,, [H, Q‘] = -| Q'-. (3.21) 

This algebra is still a subalgebra of D{2,1-, a=0). However, it does not coincide with the stan¬ 
dard flat Af = 4,d = 1 Poincare superalgebra corresponding to the limit p = 0, because the r.h.s. 
of the anticommutator in fl3.2ip still involves p and is a sum of At and the internal U{1) charge 
F. The SU (2) generators now dehne automorphisms of both the superalgebra (13.2ip and the 
a = 0 superalgebra psu{l, 1|2), while F is an internal U{1) generator. The whole D{2, 1; q;= 0) 
superalgebra (including the so(2,1) generators and those of the su'{2) ~ {F,C,C}) can now 
be treated as a closure of the superalgebra fl3.2ip and its p —)■ —p counterpar1@. 

To avoid a confusion, let us point out that both fl3.2ip and fl3.4p can of course be regarded 
as the Poincare Af = 4,d = 1 super algebras. However, in contrast to fl3.4p . the superalgebra 
fl3.2ip is embedded in the superconformal algebra in a different way, with the Hamiltonian 
H = AL + pF dehned in fl3.18p . instead of the standard H in fl3.4p (recall eq. fl3.15p h In the 
limit p —)■ 0, any difference between At, H and H disappears. 

®In the a = 0 case one can still define su(2|l) C i2(2,l;a=0) which involves su'{2) ^ {F,C,C} as the 
internal subalgebra, as well as the proper analog of the U{1) generator %. 






























V. It is worth noting that the parameter a characterizes only the superconformal mechanics 
models, while the generic S'f/(2|1) models lack any dependence on it. So in the case of super¬ 
conformal models we deal with the pair of parameters, a and /x. In the particular case a = —1, 
we have m = fi. 


vi. Besides the 517(211) superspaces fl2.5p . fl2.12p . we can now consider another type of the 
517(2|1) superspace dehned as the supercoset 

517(2|1) X 17(l)e.t 

SUi2)xU{lU ^ ^ - ^ 

According to fl3.13p . this dehnition of superspace matches to the proper embedding of 517(2|1) 
in D (2,1; a) for a G R\{0}: 


D(2,l;«) 


517(2|1) X f/(l)e.t 


bos 


> 5t/(2) X 517(2) X 50(2,1), 




H 


bos 


> 5f/(2) X 17(l)ext X f/(l). 


(3.23) 


In the case a = —1 corresponding to the second line in fl3.23p . one can omit the generator F 
in fl3.22p since it becomes an external automorphism. So 03.221) is reduced to 02 .12p in this 
case. For generic a G M\{—1}, the coset 03.22p “interpolates” between 02.Sp and 02.12p since 
F appears in the r.h.s. of the anticommutator in 03.16P along with the generator Ti, and so 
cannot be decoupled. 


vii. In the limit a = 0, the relevant coset is 


(AA = 4,7=1) xt/(l)ext {Q\Q,,H,F} 

^ {F} 


(3.24) 


where (TV = 4, 7 = 1) x 17(l)ext stands for the semi-direct product of the supergroup with the 
algebra 03.211) and the external 17(1) automorphism generated by F G {F, (7, (7}. We can deal 
with the coset superspace 03.241) in the standard manner, just substituting a = 0 into all the 
relations of the 517(2|1) superspace formalism pertinent to the choice 03.221) . 


3.1 Superconformal generators 

Superconformal generators of 03.91) - 03.12p can be naturally realized on the 517(211) superspace 
03.22j) . An element of this supercoset is dehned as 

gi = exp I (^1 + 

where the superspace coordinates {t, 9i, coincide with those dehned in 02.6p . Because of the 
relation 03.181) . the coset elements 03.25|) and 02.6p are related as 


2a/i 


e’^e, 


[9iQ" 9^Qj) > exp {itV.}, 


(3.25) 


gi = gexp{-ifitF} . 


(3.26) 


9 


















































In the particular case a = 0, the relevant superspace coset fl3.24p is parametrized by the flat 
superspace coordinates C(q=o) = {^5 An element of this coset is obtained by setting a = 0 

in (^Mi- 

Dropping matrix parts of generators, one can obtain the SU{2\1) supercharges for generic 
a just through the substitution m = —ap in ( 12 .Th : 


00 d Q 

Q = + 2a/i 6 9 -P iO dt , Qj = — 2ap 9j9k-g^ + iOjdt 

They generate the sm( 2|1) superalgebra (13.161) with the bosonic generators 

The extra supercharges of the superconformal algebra D (2,1; a) are defined as 


(3.27) 


Si ^ 


Sj = 


1 - (1 + 2 a) /i^ (1 + 2 a)' {Of {9) 
+ i9^ 1^1 + (1 + 2 a) p df , 

1 - (1 + 2 a) p 9Hk - ^ (1 + 2 a)' ( 0 )' {9f 

+ i9j 1^1 + (1 + 2 a) p 9^9k\ dt 


(3.28) 


d 






(3.29) 


The anticommutators of (I3.27p with (I3.29p give the new bosonic generators 

1 


T = <1 i 

f = < z 


l--{l + 2a)^L^9r(Sy 


i--(i + 2a)P(»f (ey 


8 


dt 8- /i [1 — {1 8- 2a) /i 

UUi 

d,-p[l-{l + 2a)p9%]9^^^ 


C = [1 + (1 + 2a)pP9k\ 9^ 


A 

wr 


c = [1 + (1 + 2 a) p P9k] 9, A . 


(3.30) 


Under the e, e transformations generated by (I3.29p . 
S9i = 


1 - (1 + 2a) /i 9^9k - ^ (1 + 2a)' p^ {9f {df 6 "'^ 


50* = 


+ 2 (1 + a) p e 

1 


1 - (1 + 2 a) p 9^9k - ^ (1 + 2 a)' p' ( 0 )' ( 0 )' 

-2(l + a)p£^0fc0*e*A, 

5t = i (£^ 0 fce*^* + £fc 0 ^e-*A) [1 + (1 + 2 a) p 0 ^ 0 ^] , 




(3.31) 
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the SU{2\1) invariant measure 02.101) is transformed as 


4 dC = 2/i dC (1 - h O’^dk) {t9i . 


(3.32) 


Starting from the new coset given by 03.251) and taking advantage of the relation 03.26p . one 
can calculate the relevant covariant derivatives 


pi = 


l-anP9k- {9f{9y 
8 




^ + a/x 9^9- i9'dt 


'89, 


- {I + a) ^^9^F + a^i9^ {I + a^^9^9k) i] k 


P, = - l-a^l9^9k--a^^l\9f{9y 


T;^ — ajj, 9^9j-;:^ + i9jdt 
891 ^ ^89^ ^ 


(1 + a) /i 9jF — afi 9^ (l + a/i 9^9^) Ij , 


V^t) = 8t 


(3.33) 


Together with the matrix generators F they mimic the superalgebra 03.16p . In the particular 
case a = —1, the matrix generator F drops out from 03.33p . which is consistent with the 
superalgebra 03.16P at a = —1 [5]. In this case the supercoset 03.22p . 03.25P is reduced to the 
supercoset 02.12p with H = H and m = fi. In the case a = 0, the generators II drop out 
(they become the outer automorphism ones). The a = 0 covariant derivatives correspond to 
the degenerate supercoset fl3.24p . 

The redehnition fl3.17p allows one to avoid singularities at a = 0. Taking a = 0 in the su- 
perconformal generators fl3.27p - fl3.30p . one can naturally pass to the generators corresponding 
to the coset space (I3.24p with the relevant algebra (I3.2ip . Thus, within the SU{2\1) superspace 
dehned as the supercoset (I3.22p with the elements (I3.25p . the superspace realization of super- 
conformal generators has been written in the universal form consistent with both choices a = 0 
and a 7 ^ 0, i.e., with any choice of a G M. This refers to the covariant derivatives fl3.33p as well. 

Any dependence of the superalgebra relations fl3.9p - fl3.12p on the dimensionful parameter /i 
naturally disappears after passing to the original basis fl3.ip . fl3.2p . However, in the realization 
of the generators fl3.8p on the superspace coordinates the dependence on p is still retained. 
Thus the parameter p is a deformation parameter of the particular superspace realization of 
fl3.ip . fl3.2p . This new deformed realization corresponds to the trigonometric type of A/" = 4 
superconformal mechanics [13]. Sending /i —)■ 0 in these realizations (and in the corresponding 
realizations on the <7=1 helds) reduces the deformed superconformal models to the standard 
superconformal mechanics models of the parabolic type nainiE]. 

To be more precise, the trigonometric form of the conformal generators {H,T,T} , 

H = i8t, T = ie-^f^^8t, f = iU^^8t, (3.34) 


is obtained as the bosonic truncations of the generators dehned by eqs. fl3.28p . fl3.30p (or an 
alternative realization of these generators given in the next subsection). The standard so(2,1) 
generators 77, K and D dehned in fl3.5p and fl3.8p are expressed, respectively, as 

^ 2 ^ % 

77 = - (1 -|- cos fit)8t, K = — {1 — cos frt)8t, D = — sin fit 8,, h 7 ^ 0 • (3.35) 

2 /i"* /i 
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These generators satisfy the conventional relations of the d = 1 conformal algebra: 


D,H 


= -iH, 


D,K 


= iK, 


H,K 


= 2iD. 


(3.36) 


Thus, the dehnition of conformal superalgebra by eqs. fl3.9p - 03.121) automatically provides 
the trigonometric form for the conformal algebra so{2, 1 ) pH] . 

In the limit /i ^ 0 the generators 03.35P turn into the standard parabolic generators 


H = idt, D = itdt , K = it^dt . 


(3.37) 


The same properties are inherent to the total set of the D{2, 1;q;) generators 03.Sp for /x 7 ^ 0. 
Thus, we treat the superspace realization of the superconformal symmetry generators found 
in this paper as a trigonometric deformation of the parabolic A/" = 4, d = 1 superconformal 
generators constructed in [lU [131 E] ■ 

The main reason for considering the basis 03.341) is that the generator T-L = H + ^ 
is directly given by the time-derivative, "H = idt [iQ]- Another peculiarity of this basis con¬ 
cerns Cartan generator (diagonal generator) of conformal algebra [11]. In 03.34p we have the 
Hamiltonian 'H as Cartan generator, while in the parabolic basis 03.37P the Cartan generator of 
so(2,1) is associated with the dilatation generator D. Thus the relevant quantum mechanical 
system must be solved in terms of eigenvalues and eigenstates of the quantum Hamiltonian 
77 = 77 -|- 4 which just coincides with the “improved” Hamiltonian of the d = 1 conformal 
mechanics m ensuring the energy spectrum to be bounded from belovl§. In the next subsection 
we will demonstrate that there is a basis in the SU{2\1) superspace in which the full generator 
77 dehned in (13.281) (not only its bosonic truncation) becomes just idt. 


3.2 An alternative realization of superconformal generators 

According to (13.9p . the supercharges Q form the sm(2|1) superalgebra with the deformation 
parameter /x, while the supercharges S form the sxx( 2 |l) superalgebra with —/x. Analogously, 
in the case a = 0, the relevant deformed superalgebras are (I3.2ip and its —/x counterpart. In 
the limit /x = 0 both sets of supercharges reproduce the same flat A/" = 4, d = 1 supercharges. 

Here we demonstrate that, after the appropriate redehnition of the SU{2\1) superspace coor¬ 
dinates, the whole set of the superconformal generators can be constructed in terms of the pair 
of deformed supercharges Q(/x) and S'(/x) = . This explains why the SU{2\1) and super¬ 

conformal transformations of the component helds obtained below for the multiplets (1,4,3), 
(2, 4, 2) can be represented as deformations of the standard A/" = 4, d = 1 transformations of 
component helds, with the deformation parameters /x and —/x, respectively. 

The new coordinates {t,9j,9’’} represent the same supercoset (I3.22p and are related to the 
previously employed super-coordinates as 




1+2(4 + 2 q ;) fi 9 ^ 9 k 


d* = (d, ] = 


1 + -{l + 2a)fi9^9k .(3.38) 


° Tlie orthogonal combination 77h = H — corresponds to the hyperbolic case discussed in Appendix 

El It yields a non-unitary model. 
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The supercharges fl3.27p are rewritten as 
Q* = 


! + -(! + 2a) fi 6^6k ~ (1 + 2a) (0)^ (6*) 

/ ib 


d 


d 


+ a/i0*0^-^ + ie^ 


d 


dd^ 


l--{l + 2a)^^9^eu 


dt\. 


Q j 6 


— o 2 


1 + — (1 + 2a) p 9^9k — — (1 + 2a) (9)'^[9 ) 

2 ib 


—^— (1 + a) p 9^9k —^ 

d9i 89, 


r\ _ ^ 

-^ + (l + a)fi9j9^— 
89^ 89^ 


8 


a^i9j9k^ + i9j 

OUk 


l--il + 2a)fi9% 


8ty 


(3.39) 


The new form of the supercharges (I3.29p is given by 

5 * = l-l{l + 2a)fi9%-^{l + 2a)fi^9)^{9y 


^ _ o 

-^ + {1 + a) fi9%-^ 
89 i 89 k 


-ap 0*0^4-+ i9^ 

89^ 


Sj = 


1 + - (1 + 2a) 8t\., 

I 1 


1 — - (1 + 2a) fi9^9k — — (1 + 2a) {9)'^[9 ) 


8 


+ a^9j9k-^ + i9j 

oUk 


16 

1 + — (1 + 2a) p 9^9, 


A — ^ 

^-(l + a)p0i^^ 

89^ 89^ 


8t\. 


(3.40) 


We observe that they are obtained from the supercharges fl3.39p just through the change of the 
sign of p, S'(p) = The bosonic generators fl3.28p of S'f/(2|1) are written as 


8 ~ 8 
n = ( -9, 


89i 


89, 


^ Si ( 


8 


—— 

89^ d9k 


2 V dOt, 


(3.41) 


In this new realization the Hamiltonian Ti takes the correct form as the time translation gen¬ 
erator. The rest of the bosonic generators fl3.30l) is rewritten as 


T = e 


—i^t 


1 


l--(l + 2a)p2 {9)\9Y 


dt + y 9 


f Ek 9 


_ +9ii- 

89^ 89k 


+ - (1 + 2a) p" 9^9i r — - 9k^ 


8 


8 


89^ 


T = 1-^(1 +2a) (0)2(0) 

8 


89k 

2 


8t- 


9^ (p d 


8 


_ + 9 k —^ 

89^ 89k 


+ l{l + 2a)P9^9,[9‘^^-9k^ 

89k 


C = e,i9^ 


89^ 

‘4, C = e>‘eA 

89i 89^ 


(3.42) 


Note that the supercharges fl3.39p . (13.4011 acquired the exponential factors ~ which are 
needed for ensuring the correct commutation relations with "H = i8t. Also note that the 
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su{2) and su'{2) generators now inclnde no fi dependence at all, while the so(2,1) genera¬ 
tors T and T are jnst related by the reflection /x •H- —p, = T{fi). So the prop¬ 

erty that the whole snperalgebra D{2,l;a) is contained in the closnre of (Qj(/i), 
and (*S'j(/i) = Qi{—jJi) 1 S^{n) = Q-^(—/i)) becomes manifest in the new parametrization of the 
SU{2\1) snperspace. 

For farther nse, we give the new basis form of the SU{2\1) invariant measnre (12.101) : 

dc = dtd^ed^e(i + fie’^eky ( 3 . 43 ) 


Under the e, e transformations generated by fl3.40p it is transformed as 


6s d( = 2/i d( 


1 


y3 + 2a)fie^ek 



(3.44) 


4 The multiplet (1,4,3) 

4.1 Constraints 

The mnltiplet (1,4,3) was described in [1] in the framework of the SU{2\1) snperspace (12.51) . 
It is represented by the real nentral snperfleld G satisfying the SU{2\1) covariantization of the 
standard (1,4,3) mnltiplet constraints 

e^Wi Vj G = eijV^ G = 0 , [V\ Vi]G = Am G. (4.1) 


They are solved by 


G = 


i-me^Ok + m^ {ey {e) ^x + -{ey {e) [eiij^ + e^y 

- {1 - 2 m e%) {e, i>‘ - s> i,j) + eiOi b‘, sJ = o . 


(4.2) 


For stndying snperconformal properties of this SU{2\1) snpermnltiplet it will be more con¬ 
venient to reformnlate it in the snperspace (I3.22p . By rewriting the constraints (14.11) throngh 
the covariant derivatives (13.331) as 


yWi Vj G = EijV^ V^G = 0, [D\ Vi] G = -4a/i G , 


(4.3) 


we obtain 


G = X 


1 + an 6% + aV {Of {0Y]+^ {df {ef - id^dk {Oi iP^ + 6^ 


1 + 2 (1 + 4a;) p 6^0k 


9i y. e->M + b) , 


(4.4) 


where we have redefined 


y" -)■ -0*62^*, yj y^e 2 ^*. 


(4.5) 


This held redefinition makes the U{1) generator F act only on fermionic fields and ensnres 
that the operator T-L is realized on the component fields as the pnre time derivative idt withont 
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additional U{1) rotation terms. We see that the irreducible set of the off-shell component helds 
is x{t), 'ijjiit), Bj{t) = 0), i.e., G reveals just the (1, 4, 3) content. In the contraction 
limit /i = 0, it is reduced to the ordinary (1, 4, 3) superheld. 

As the most important requirement, the constraints (I4.3|l (rewritten through the covariant 
derivatives (I3.33p ) must be covariant under the superconformal symmetry D [2,1] a). From this 
requirement, one can actually restore the supercharges (I3.29p and the bosonic generators (I3.30p 
as the differential operators acting on the superspace fl3.22l) . Moreover, it implies that these 
extra generators for the multiplet (1, 4, 3) should be extended by the proper weight terms. The 
supercharges fl3.29p are extended as 




S, = 


— 


1 - (1 + 2a) / i ^ (1 + 2a)^ 

+ # [l + {l + 2a)^^e'^ek]^t + 2a^^¥ {I -|, 
1 - (1 + 2a) /X e^Ok - ^ (1 + 2a)^ [Of {6 ) 

-(- iOj 1^1 -|- (1 -|- 2a) /i 9^6k\ dt — 2a/x 6j — /i 






(4.6) 


Respectively, the bosonic generators are modihed as 

1 ~ ' 61 / 2 \ 2 


T = 




!__(! + 2a)/x^ {ef{ey 


+ h ~ (1 + 2a) /i 9i 


A 


T = 


-|- CXfl 6 


—ifit 


l-fi9% + -{l-2a)fi^ {9f (9)' 


l--(l + 2a)/x2 {9f{9Y 


(1 + 2a)/x0^0fc] 9^ 


A 

89^ 


a/x e 


ifit 


l-^I9% + -{l-2a) /i^ {9f{9y 


8 


C = [l + il +2a) ^iP9k] 9^ + {9 

C 


89, 

8 


[1 + (1 + 2a)fi9%] 9j-^ - a/x (9)^ 


(4.7) 


These modihcations of the additional Zi)(2,1; a) generators imply the following “passive” trans¬ 
formation law for the superheld G under the Si^e^ transformations 


5eG = 2a/x (1 - /X 9^9k) (£% - £i9^ G . (4.8) 

All other transformations are produced by commuting fl4.8l) with the odd SU{2\1) transfor¬ 
mations which are generated by the pure differential operators fl3.27p . It is worth pointing 
out once more that all additional weight terms in the i7(2, l;a) generators are necessary for 
the D{2,l;a) covariance of the (1,4,3) constraints (14. 3 h and, in fact, can be deduced from 
requiring this covariance. Making the bosonic truncation of the conformal generators with the 
weight terms. 


'H = i8t, T = (x^i + a/x), T = (x^* - a/x), (4.9) 
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one observes that a can be identified with the scaling dimension parameter for the multiplet 

(1,4,3) HH. 

Digression. In Section 3.2, we showed that, after passing to the new superspace basis 
the differential parts of the D{2,l-,a) supercharges in the ^-representation satisfy 
the relation S'(p) = Q{—g), thus making manifest the property that D{2,l;a) is the closure 
of two its sm(2|1) subalgebras, one defined at fi and the other at —p. Due to the presence 
of the additional weight terms, the supercharges (14.bh written in the new basis do not longer 
exhibit this nice correspondence. To restore it, one needs to make the appropriate ^-dependent 
rescaling of the superfield G, 


G — AGq 


(4.10) 


and to pick up the factor A in such a way that the extra weight terms acquired by the super¬ 
charges Q*(/r) and S'^{g) when acting on Gq ensure the needed relation. The factor A is defined 
up to a freedom associated with a real parameter (3\ 


A{9) = l + ag~9%--l3g\9f{9)\ 


Go{t,9) = 


1 


l + -{/3-a)fi\9)^{9y x + -{9y{9Y + 9,ij^- 9^ ^ 


-t9%{9iij^ + 9^ A +9^9iB 


(4.11) 


(4.12) 


The e and e variations of Go are related just through the substitution g —g , 

1 


<5eGo — —g 
^eGo = g 


a-^{A(3- 3a)g 9^9^ ( ^9, ) Go , 


a + ~ 3a)g9^9k 


-ei9^ Go, 


(4.13) 


and imply the following expressions for the total D{2, 1; a) generators in the realization on Gq: 
Q* = 


1 + — (1 + 20 ;) g 9^9k — — (1 -|- 2a) {9)“^ {9 ) 

2 ib 


o9i d9k 


ag9^9^^+ i9^ 
89^ 


l--(l + 2a)g~9% 


dt — ag9'^ + - (4/9 — 3a)g^ 9^9^9k )■, 


Qj = e 


- 


1 + ~ (1 + 20 ;) g 9^9k — — (1 -|- 2a) g^ (0)^ [9 ) 
2 ib 


-^ + {l + a)g9,P — 

89^ 89^ 


8 


ag 9j9k ~ i9j 
09k 


l--{l + 2a)g9% 


8t + ag9i- -{Aj3 - 3a)g^ 9i9^9k \, 


S\g) = Q\-g), S,{g) = Q,i-g). (4.14) 

One can directly check that their (anti)commutators form the superalgebra D{2,l',ci). The 


lb 




















so{2, 1) generators T, T are given by 


T = 




l--{l + 2a)f^Her{ly 


dt + 


f^k d 


9^ 


d 


dO^ d9k 


+ - (1 + 2a) e^Oi 9 


d 


d 


— 9k^^ + au 

09^ d9k 




T = e*^* 


!--(! + 2a) /i^ {9)‘^{9 ) 


a- 


/i 


-j. d 


a 

d 


+ — (1 + 2a) 9^9i I 9 


Sfc ^ n 9 

- 

d9^ d9k 


2 

— afi 


9^— + 9k^ 
39^ d9k 


(4.15) 


The rest of bosonic generators contain no weight terms. 

The parameter f3 appears neither in the structure constants of D (2,1; a) nor in the super- 
conformal component actions (see next Subsections), so it can be chosen at will. One choice 
is /9 = |q; , which ensures the simplest structure of the weight terms in fl4.14p . fl4.15l) . fl4.13p . 
Another possible choice is /3 = a, under which the superfield Go in 114.12p contains no fi depen¬ 
dence at all. In this case, the SU{2\1) constraints fl4.3p are reduced to the linear combination 
of the flat constraints: 


SikD^D'^ Go = e^’^DiDk Go = 0 , [D\ A] Go = 0 , (4.16) 

D^ = -^-i 9^dt , = —A + i 9,dt. (4.17) 

d9i 39^ 

These constraints are still covariant under the relevant trigonometric realization of D (2, l;a) 
(with P = a in (I4.14p . (14.151) . (I4.13p ). The corresponding superconformal actions of Go written 
as integrals over the 5*^(211) superspace do not coincide with the standard ones constructed 
as integrals over flat Af = 4,9 = 1 superspace. 


As the hnal remark, we note that the constraints fl4.3p can be generalized as 

AAAG = GjAAG = 0, [A, A] G =-4a/iG-4c. (4.18) 

Their solution is 

G (x, tjj, Vi, 5) = G (x, tjj, -i/i, 5) -|- c9^9j (l -|- 2a^ 9’^9k) , (4.19) 

where G (x,-0,-0, 5) was dehned in fl4.4p . Once again, this solution can be adapted to the 
supercoset (I3.22p . We observe that the superconformal covariance of the corresponding version 
of the constraints (I4.18p implies the additional condition 

c A P' (1 - p 9’^9k) {e% = 0 . (4.20) 

Substituting the explicit expressions (I3.33p for the covariant derivatives, one can show that at 
c 7 ^ 0 the condition fl4.20p is satisfied only for a = —1. Then the superfield G transform as 

5eG = -2fi (1 - /i 9'‘9k) {^9, G. (4.21) 

Thus at c 7 ^ 0 the relevant superconformal group is reduced to the supergroup PSU{1, 1|2) xi 
U{1). At c = 0, any a 7 ^ 0 is admissible, including a = —10. In what follows, the special case 
a = 0 will be considered separately. 

Ut c = 0, a = —1 the whole automorphism SU{2)ext is a symmetry of the superfield constraints. It is 
reduced to t/(l)ext only at c 7 ^ 0. 
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4.2 SU{2\1) invariant Lagrangians 

One can constrnct the general Lagrangian and action for the SU{2\1) mnltiplet (1, 4, 3) as 


^(G) 



dCf{G). 


(4.22) 


We consider the invariant Lagrangians for the snperheld G satisfying the generalized constraints 
fl4.18p with c 7 ^ 0. The action for the snperheld G snbject to the constraints fl4.3p can be then 
obtained by setting c = 0. 

Any action with an arbitrary Lagrangian fnnction f{G) is 517(211) invariant and provides 
a deformation of the standard (1, 4, 3) models. Snbstituting the expression (I4.19p for G into 
fl4.22p and doing there the Berezin integration, we obtain the component off-shell Lagrangian 

C = x‘^g{x)g{x)+ g{x) - Bj g'{x) 

{'‘PY a" {x) - [{I + 2a) g{x) + axg' {x)] - a^g,^x‘^g{x) - c g'{x) 

— 2canxg{x) — g{x), (4.23) 

where g '■= f" and primes mean differentiation in a:, /' = d^f, etc. The parameter c prodnces 
new additional potential-type terms in the Lagrangian. 

The e, e transformation law of (I4.19p , 


6G = 


1 G 


(4.24) 


implies the following 517(211) transformation laws for the component helds: 

6x = + a/re*x + c?-f 6^5^ , 


6Bl = -2i 


- X <5;- ( 


— (1 -|- 2a) jj, 


2 ^ 


eY,- - - 5 ] (e^fc 


1 

2 "^ 


(4.25) 


We can simplify the Lagrangian fl4.23p by passing to the new bosonic held y{x) with the 
free kinetic term. From the eqnality 



we hnd the eqnation 

y\x) = ^/2g{x ), y'{x) = ^^ 

x'{y) 

and dehne 


Y = 'ip^y'ix), 


B] 


1 

2 


B)y\x), 


V{y) 


x{,y) 
x'iy)' 


(4.26) 


(4.27) 


(4.28) 
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Solving last of eqs. fl4.28p as 


xiy) = exp 


we can cast the Lagrangian (I4.23p in the form 


dy 'i 

v{y)y 


(4.29) 




V''(y)V(y) + [2V'(y) - 3] [V'(y) - 1] , , 2,2 


-dy 

1 

~ 2 


4V^{y) 

ayy{y) + c V^( 2 /) exp <j - 
ajjViy) + cViy) exp 


V(v) 

(xt(x) 

''V rlX, 'I 


/i 


V{y)\\ 
dy \ 


XiX - 2 


(4.30) 


J V{y)\\ ■ 

Here, V{y) can be regarded as an arbitrary function due to the arbitrariness of g{x) in fl4.27p . 
Thus we have hnally obtained the 517(211) Lagrangian involving an arbitrary function and 
extended by additional terms which depend on the parameter c. In the new representation, 
the supersymmetry transformations acquire the form 


5y 

5x^ 


e^Xke 


e 2 ^* 


idy + afi dV{y) + c dV{y) exp 
V'{y) - I 


-y dy 1 

vm\ 


+ 2e^Hi 


+ X* [e^Xk-ekX^e^y^) 


SBi = 


V{y) 

1 


ejx"e>^ + dxje 2 ^^* - e 




-f (l + 2a) 


X 2 e-i"'' - e,x‘ ei‘“ - -S] (e‘Xt e-4'“ - (tx" ei"' 


+ B\(e^Xke 


+ iy 


V'{y) 


V{y) 


e^y* 62^* + dxj e 2^‘ - -5* ^e^y^ e2^‘ + e^Xk e 2^* 


v'{y) -1 

V{y) 


(4.31) 


In the particular case c = 0, the models described by these transformations and the Lagrangian 
(14.301) correspond to the off-shell form of “weak supersymmetry” models [7]. 


4.3 Superconformal mechanics with c = 0 

The superconformal (1, 4, 3) action with c = 0 can be written in the superfield formulation as 

S'°\G) = - j d(ftHG), (4.32) 

where the corresponding superfield function /(G) is given by 


f (<^)( G ) = ) 8(a+l) 

^ ^ 1 iGlnG 


^ G for CK 7 ^ —1, 0 , 


for a = —1 


9{x) = 


x-^-^ 

Sa^ 


(4.33) 
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Using 04.81) and 03.321) . one can check that the action 04.32p is indeed invariant with respect to 
the super conformal group D {2,1; a). 

We can consider few special cases, e.g., a = —1, a = — 1 / 2 . As we will see in the next 
subsection, in the case a = —1 the action 04.32p can be generalized to incorporate the non-zero 
parameter c dehned in 04.18p . The case a = —1/2 corresponds to the free action. We cannot 
treat the a = 0 case as a particular case of the SU{2\1) models under consideration since we 
dehned the SU{2\1) superspace for a 7 ^ 0, while passing to a = 0 amounts to contraction of the 
original SU{2\1) supergroup into the supergroup with the hat algebra fl3.2ip . Nevertheless, as 
we will see soon, the a = 0 superconformal action can still be constructed within the properly 
modihed superheld approach based on the contracted supergroup. 

Doing 6 '-integral in the superheld action (I4.32p and making the redehnition (I3.17p . we cal¬ 
culate the superconformal Lagrangian a^ 

= x^gix) + i (i’i'ip" - g{x) + ^B]BI g{x) - B] Q dj g'{x) 

- \ g''{x) - aVVc/(a;). (4.34) 

We observe that it depends only on /i^, not on /r. Taking advantage of the redehnitions just 
mentioned, one can conveniently rewrite the transformations fl4.25|) as 


Sx = e’^'ipkC 2 /"* - 6'ip''= e 2 ^^* (fUx-f-a/r Ux, 


55 ) = 


2i 


ej^p" + e^ipj e 2 /"* 


2 ^ 


5;. ( 


— (1 + 2a) fi 


- -5] (^p)k - ek'ip'^ 


. (4.35) 


The Lagrangian (I4.34p is invariant under the second SU{2\1) transformations with the param¬ 
eters e, e, 

Sx = e^ipke^^^ — Ek'ip’^ , Stp'^ = {itx — agiE^x + B]^ , 

1 


SB] = 


Sj'ip" e 2 ^^* + - ^S] [sk'iip^ e 2 ^"* - 1 - e^'ipk 

1 


2i 

(1 -|- 2a) /i 


e'lpj - Ejip'' e 2 ^^* - -S] {E^'ipke"^^^ - Ek'ip'' e 2 ^** j 


, (4.36) 


which correspond to the supercharges (14.6p . We see that (14.351) and (14.361) are related by the 
replacement /i —)■ — /i in accord with the structure of Zl( 2 ,l;a) as the closure of these two 
sm(2|1) subalgebras. 

The parabolic transformations of the (1,4,3) component helds can be obtained from the 
trigonometric transformations fl4.35p . fl4.36p in two steps. First, one passes to the new pair 
{e',e'}, {e',e'] of inhnitesimal parameters with opposite dimensions by redehning the old pa¬ 
rameters as 

= + and C.C.. (4.37) 

®The term ~ bb vanishes because of the identity (—4 — 2) g{x) = xg'{x) for ( 14 ., 331 ) . 
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This redefinition just corresponds to passing to the original basis for the Zi)(2,1; a) supercharges, 
in which the super Poincare supercharges and those of the super conformal boosts have the op¬ 
posite dimensions. Only after that we can send /i —)■ 0 and obtain the parabolic transformations. 
This procedure is universal and can be performed for the transformations of superfields, compo¬ 
nent fields and superspace coordinates, regardless of the type of the realization of D{2,l;a). In 
this way one can, e.g., deduce the parabolic transformations of the integration measure (I2.10p . 
which becomes the standard fiat measure dtd?9d?9 in the limit /i = 0. 

Using fl4.26p - fl4.28p . we can calculate the function U(|/) corresponding to fl4.33p : 


V{y) 


JL 

2a ’ 



V\y) - 1 1 + 2a 

V{y) ~ y 


(4.38) 


As a result, we obtain the superconformal Lagrangian in the form 


p(a) 

•^sc 


^ i {XiX" - XiX") + B]Bl - Bl {5]xkX^ - 2xiX*) 

/ / y 

_ (1 -F 3a) (1 -F 2a) 2 ^ 2 

2y2 KX) KX) g </ • 


(4.39) 


It is invariant (modulo a total derivative) under the following SU{2\1) odd transformations 


6y 

SX^ 


e^Xke >^-ekX^e>\ 


e-i"' Wv - f ?!/ + 2 i^Bi + x‘ ie^Xk - e"") 

tjX‘ e’'" + e“i'“ - ii5* (e/.x* ei'“ + e* e' 


1 -|- 2a 

y 


“ ^ (1 + 2a) 


( e’^Xk - e^x^ 


+ .B)(e\fce 


l + 2a 

y 


+ iy 


-f- Ux, + e^Xk 


1 + 2a 

y 


(4.40) 


Changing /r in these transformations as p —)■ —/i, one obtains the transformations associated 
with the extra generators S{y) = Since the Lagrangian fl4.39p depends only on y? like 

(14.341) . it is automatically invariant under these S'* transformations and, hence, under the full 
D(2,l;a). 

Thus in the present case we deal with the superconformal mechanics corresponding to the 
trigonometric transformations [H]. Another type of superconformal mechanics is that associ¬ 
ated with the parabolic transformations, and its superfield description is based on the standard 
AA = 4, d = 1 superspace. The only difference is that the trigonometric type action (14.391) has 
an additional oscillator term. Thus by sending p ^ 0, the parabolic type of superconformal 
mechanics can be restored. 

The property that the component superconformal trigonometric actions are even functions 
of the parameter y can be established already at the superfield level. One should pass to the 
517(211) superspace basis {t, dj,^*}, in which the property 5*(/i) = Q\—y) is valid and the 
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integration measure is defined by fl3.43p . and express the superfield G through Gq according to 
eqs. dHO]) - ( 1021 ) : 


(G) = - / dt d^e d^e(i + ^i e^Ok) g-^ 


= - I dtd^od^e 




(Go)-^, « 7^-1,0 (4.41) 


and 


(G) = - dt d^e f 1 + p G In G 


= - / dtd^Od^e 






Go In Go 




(4.42) 


where one should take into account that 


dtd^Od^e [fiO'^ekGo) = 0 . 


All terms with the manifest 6s in (14.411) . (I4.42p . equally as the superheld Go, depend only on 
/i^. Also, it is easy to show that all /5-dependent terms in these actions are canceled among 
themselves. For any other trigonometric superconformal action treated below (e.g, in the 
a = — 1 , c 7 ^ 0 case), it is possible to show in a similar way that, in the appropriate superheld 
formulation, they depend only on /i^ like in the component held formulations. 


4.4 The model with ct = — 1, c 7 ^ 0 

Let us consider the case of c 7 ^ 0 for which the superconformal invariance requires that a = —1 
(m = /i). The corresponding supergroup is D ( 2 , 1 ; a= — 1 ) = FSl/(l, 1 | 2 ) xi S'(7(2)ext, but the 
constraints (I4.18p are covariant only with respect to PS[/(1, 1|2) x f/(l)ext- 
The corresponding superheld action is 

= - f dCGhiG. (4.43) 


Starting from the general SU{2\1) invariant component Lagrangian fl4.23p with c 7 ^ 0 and 
substituting there f{G) —)■ GlnG, we obtain, up to an additive constant, the following c 7 ^ 
0 , a = — 1 generalization of the superconformal Lagrangian fl4.34p 



X i 

-1— 

X X 


i/jiip' - 


B)Bl B) 

+ 


2x3 


- ii^x + 


2x 

cYi'4’" 


x^ 

X 


- dj 'ipk'ip'" - 


(4.44) 


Here, the new term ~ is responsible for reducing superconformal symmetry to PSU{1, 1|2) x 
17(1). This action is invariant under the supersymmetry transformations, with 6A being a 
generalization of the relevant transformations in (14.351) . (I4.36P : 


SA = e 2 ^* (ieA — pe*x -I- e’^Bl + ce*x) - 1 - (isA -f /usA - 1 - e^B^ + ceA) . (4.45) 
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Transformations of the bosonic fields are the same as in fl4.35p . 04.361) . 

Passing to the action with free kinetic terms, we hnd the relevant fnnction V{y) to be 


2 2 V{y) y 


(4.46) 


In accordance with 04.30p . we also shonld take into acconnt additional terms involving c. Thus 
the superconformal Lagrangian 04.39P is generalized to this special case as 




~ ~ 1 
hx^) + ^ {5]xkX^ - 2x,x0 - -2 (x)' (x)^ 


I JL - * _ 

+ 2y2 8 8?/2 


(4.47) 


The relevant on-shell Lagrangian, 

■-2 ... 1 

, (v»v* — v»v*)- 

2 2 


£(..-1,.) ^ (_ ,2 ^ ^ , (4,48) 


as a superconformal Lagrangian was previously found in [170. The S'f/(2|1) superspace ap¬ 
proach allowed us to hnd the off-shell superheld form of (I4.48p . 

4.5 The Q) = 0 model 


Inspecting the Lagrangian 04.34p . we observe that the limit a —0 is divergent and the 
opposite limit a —)■ -|-0 yields = 0. Nevertheless, we can unambiguously dehne this limit 

for the Lagrangian fl4.34p by introducing an inhomogeneity parameter p [IT] . 

The limit a —)■ 0 can be obtained, if we redehne the Lagrangian (I4.34p by shifting the held 
X as 

P 


X X + 


a 


(4.49) 


The homogeneous Lagrangian fl4.34l) is rewritten as 
4c= ^(«a: + p)"“ 


\---2 


x^ + i[ + - B)Bj 


2 ^ * 


+ (l + 2«) J ^ t 3 


{1 + 2a) {1 + 3a) 2 / j \2 , . 

- W) (^) {ax + p) 


- ,,2 


i 4 a<^p 


32 


{ax p) “ . (4.50) 


Detaching the divergent factor ~ (^)“ and sending a —)■ 0 in the remainder, we obtain the 


Lagrangian B 


(a=0,p) 


as 


r{a=0,p) _ 


e p 


x^ + i( V’iV’* - ^ B)Bl + ( 2 ~ 


2 ^ * 


4p' 


('0)^('0)^e p—p^p^e p. 


(4.51) 


^One needs to perform a redefinition of fields in order to show the coincidence of these two Lagrangians. 
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Following the same procedure as in fl4.26p - fl4.28p . we can obtain the Lagrangian which coincides 
with fl4.39p at a = 0 [H]. For ensuring the super conformal invariance in this case, one needs 
to extend the transformations fl4.35l) . fl4.36p for a = 0 by the inhomogeneous parts 

kp)'^" = j ^ = kp)Bk = 0 • (4.52) 

This modihcation entails the appearance of inhomogeneous pieces in the conformal transfor¬ 
mations of X, 

Tx = {ix + pjj) , Tx = {ix — pjj) . (4.53) 

The standard conformal so(2,1) generators dehned in fl3.5l) . (13.81) act on x as 

i i 

Hx ~ 2 ^ ~ 2 PP P^ ! 

rV 2i ^ . 2i . 

Kx = — [1 — cos pt) X -\ - psm.pt, 

p^ p 

- i 

Dx = —sin pt X + ip cos pt. (4.54) 

P 

The superconformal superheld action f|4.32p is not dehned at a = 0. Nevertheless, the 
superheld description of (I4.5ip can be given in the framework of the supercoset (I3.24p associated 
with the a = 0 superalgebra (13.211) . According to (14.4p . the superheld G is written as 

G = x + ^{ef {ef-ie^ek{eik"e^>^^+ 

+ (i +1 {pi v-' b] ( 4 . 55 ) 

and satishes the standard “hat” (1, 4, 3) constraints 

e^^Vi Vj G = eijV^ G = 0 , [V\ P*] G = 0 , (4.56) 

where the covariant derivatives arJ^ 

- p , V, = + P > (4-57) 

P(t) = dt , {V\ V,} = 2Si (tdt + pF) . (4.58) 

Then the component Lagrangian fl4.5ip is reproduced from the superheld action 

SG=^^p)^G) = j dtCi‘^=^’P^ = -p^ j ^4 59) 

The “passive” superheld inhnitesimal transformation of G involves only the inhomogeneous 
piece 

5(,)G = -pp AOu - eu9^) + pp {I+ p 6%) - eu9^e-^A > (4-60) 

^^Though the superheld G has no external F(l) charge and the generator F yields zero on G, it is non¬ 
vanishing when acting on the covariant derivative itself. Nevertheless, it is direct to check that in the a = 0 
constraints (14.5611 such contributions are canceled against terms coming from the phase factors in the dehnition 
(IT571) . 
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since its standard homogeneous part fl4.8p vanishes at a = 0. 

Note that the superheld G at a = 0, though being dehned in fact on the flat A/" = 4 
superspace, still possesses an unusual inhomogeneous transformation law fl4.60p under the M = 
4, d = 1 Poincare supersymmetry to which, at a = 0, the e, e transformations are reduced. 
We can reformulate this model in terms of the superheld u having the standard homogeneous 
transformation law under the W = 4, d = 1 Poincare supersymmetry 

u = G + pjjL 6^6k , S^u = 0 , (4.61) 

Vj u = eijV^ u = 0 , [V\ A] u = -App . (4.62) 

The inhomogeneity of the full odd superconformal transformation law of u is retained only in 
the part ~ Si^e^ associated with the generators S'*, Sk'- 

= 2pp (1 - /i 9%) {e’^Oke^^^ - . (4.63) 

The action fl4.59l) is rewritten in the form in which it does not involve explicit 6 : 

(«) = -P^ [ dt (fe (fe e" p . (4.64) 


We also note that the p dependence in the solution fl4.55p is fake because it can be re¬ 
moved by the inverse phase transformation of fermionic helds as '^* Then the 

whole p dependence in the component actions fl4.50p . fl4.5ip is generated by the 9 dependent 
term in fl4.59p or the d-dependent additional term in u dehned in fl4.6ip (if one prefers the 
M-representation fl4.64p for the superconformal action). The dehnition of the fermionic helds as 
in fl4.55p is convenient since it ensures the absence of the fermionic “mass terms” ~ P'lp^'il’i in 
(14.501) . fl4.5ip . Despite the fact that at a = 0 we deal with the standard hat Af = A superheld u, 
the superconformal transformations (14.631) still correspond to the trigonometric realization of 
the conformal subgroup SO{2, 1), as well as of the full PSU{1, 1|2). The parabolic realization 
is achieved by redehning the fermionic parameters as in (I4.37p and then sending /i —)■ 0 in the 
resulting transformations, like in other cases. 

As the hnal remark, we notice that the a = 0 analog of the superconformal action (I4.43P 
with c 7 ^ 0 and a = — 1 can be obtained [20] by considering the superheld action dual to (I4.43P : 


^£«=0,p,c)((^) 


J dtd^9(f9 



j dtd^9d^9 [—p^e 


+ g(0i0i - 9'^92) G 
+ c {9^9^ - W 92 ) u\ . 


(4.65) 


It can be checked that the relevant component Lagrangian coincides with the oh-shell La- 
grangian (I4.47p . modulo the replacements of all SU{2) indices by the SU'{2) indices (on which 
the generators {F, G, C} act) and the substitution c ^ c. 


5 The multiplet (2,4,2) 

5.1 Chiral SU{2\1) superfields 

In this Section, we will consider the multiplet (2,4,2), proceeding from the superspace (12.5p . 
Also, in [5] the multiplet (2,4,2) was generalized by exploiting the superspace coset (I2.12p . 
Such a generalization will be addressed in the next Section. 
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Employing the covariant derivatives fl2.1ip . the standard form of the chiral and antichiral 
conditions is as follows 


(a) Pi$ = 0, (b) P*$ = 0. (5.1) 

This implies the existence of the left and right chiral subspaces [Ij: 

(5.2) 

where 

ti = t + i6^6k —[oY , and c.c.. (5.3) 

These coordinate sets are closed under the 517(211) transformations 

69i = Cj + 2me^9k0i, Sti = 2ie^9k, and c.c.. (5.4) 


One can require that the complex superheld <h with the minimal held contents (2, 4, 2) 
possesses a hxed overall 17(1) charge 

F^ = 2k^, /^<h = 0. (5.5) 

The general solution of fl5.ip for an arbitrary real k reads: 

<^{t,9,9) = {l + 2m9%)~'^<l>L{tL,9), <^>L{tL,9) = z + V29,C + {0?B , (F) = 6 • (5.6) 


The chiral superheld $ transforms as 

5<l> = 2^771 (e*6*j + = 4:Km^9i^L . (5.7) 

This transformation law implies the following oh-shell 517(2|1) transformations of the compo¬ 
nent helds in (15. 6 p 


Sz = 
SB = 


-V2eke, SC 


-V2 






= \/2e* {iz — 2Kmz) — \/2e*i?, 


(5.8) 


As in case of the multiplet (1,4, 3), for analyzing the superconformal properties of the multi- 
plet (2,4, 2) it will be convenient to pass to the supercoset fl3.22p . in which the time-translation 
generator is "H G so(2,1). Imposing the constraints fl5.ip with the covariant derivatives dehned 
in 113.331) and choosing k = 0, we come to the left chiral subspace parametrized by the same 
coordinates (t^, 9i) as before, with the dehnition (15. 3 p being valid. It is straightforward to check 
that this set of coordinates is closed under the superconformal transformations generated by 
113.27p and 113.29p only for a = —1. The relevant coordinate transformations read 

59i = Ci + 2p C9k9i + , SIl = 2i C9k + 2i e’^9kF ^^^. (5.9) 

This agrees with the observation that under the action of the generators (7, C 113. 30 p belonging to 
the group SU'{2) the constraints 115.ip are not covariant. Thus the chiral subspaces are closed, 
and, respectively, the chirality constraints are covariant, only for the conformal supergroup 
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Z)(2, l;a= — 1) = PSU{1, 1|2) xi t/(l)ext- Note that the chiral superhelds in the flat TV = 4 
superspace are also known to preserve the super conformal D{2, l;a) covariance only for the 
values a = —1, 0 

At a = — 1 the overall U{1) charge operator F drops out from the covariant derivatives 
(I3.33j) . so the only solution of (15.Ih in this case, i.e. the solution consistent with the supercon- 
formal covariance, corresponds to the choice k = 0 in (15.dh . As follows from (15.7p . the Q^,Qk 
transformations of 4*^ at k = 0 (i.e. those with e*, ?) do not involve any weight terms. Since in 
the appropriate basis S'*(/i) = Q*(—/i) ,S'j(/i) = Qi(—p), the same should be true for the 
transformations, i.e. 

= 4$^ = 0 . (5.10) 

On the other hand, the measure of integration over the SU{2\1) superspace d( is not super- 
conformally invariant at any a (recall fl3.32|) h so it is impossible to construct a homogeneous 
super conformally invariant action out of the superfleld transforming as in fl5.10p . 

One way to construct the superconformal action is to pass to its inhomogeneous version as 
it was done for the a = 0 case of the multiplet (1, 4, 3) in Section 4.5. This will be performed in 
Section 5.3. Another way which allows one to construct a more general class of superconformal 
actions is to start from the embedding of SU{2\1) into a central-charge extension of PSU{1, 1|2), 
i.e. the supergroup SU{1, 1|2) with the superalgebra given in Appendix A, eqs. flA.4p - flA.6D . 
The corresponding sm(2|1) subalgebra is specified by the anticommutator 

{Q\ Q,} = 2/i/; + 26} (7f - /i Zi), (5.11) 

where the central charge generator Zi commutes with all other generators. The natural modi¬ 
fication of the supercoset 03.221) for a = —1 is as follows 

A[/(2|l) X 17(l)ext {Q\Q,,n, Z,J}} 

5f/(2) X f/(l)int X 17(l)ext ~ {I},Zi,F} ^ ’ 

where 517(211) in the numerator is defined through the Zi extended anticommutation relation 
05.lip and we placed Z^ into the stability subgroup. Recall that the former internal generator 
F becomes an outer automorphism generator at a = —1 and is completely split from the 
remaining sm(1,1|2) generators. 

An element of the coset 05.12p coincides with 03.25p . However, due to the appearance 
of the new generator Z\ in the stability subgroup and the modification of the basic 517(2|1) 
anticommutator as in 05.lip , the covariant spinor derivatives 03.33P at a = —1 should be 
extended as 

^ = + ^ Vzj =Vj- (5.13) 

Now we can require that the superfleld $ has a non-zero charge with respect to Zi: 

Zi$ = 6<h. (5.14) 

Then, imposing the chirality condition 05.ip with the modified covariant derivative 05.13p . i.e., 

Vzj^ = (Vj - 4> = 0 , (5.15) 
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one obtains the solution 


<!>{t,9,9) = {l + 2fi9%) ^L{tL,9) = z+V29,Ce"^^'^+ (5.16) 

which looks as fl5.6l) . with b = 2k and the helds redehned as 

f (t) ^ f B{t) ^ and c.c.. (5.17) 


To preserve this 6 7 ^ 0 chirality, the holomorphic chiral superheld $ 1 , should have the 
following e and £ transformation laws 

= 26/x (^9, = -26/i ^9, , (5.18) 

or, in terms of the superheld $ , 


6 ,^ = b^^ {t9i + <!>, 4$ = -bn {3^9i - 6^9^ {l - n 9'^9k) <h. (5.19) 

Under the odd transformations fl5.9p . fl5.18p . the component helds in fl5.16p are transformed as: 


SC = V2C {iz - biiz) - V2CBei>^^ + \/2C (iz + bfiz) - \/2e*Se->*, 


SB = -V 2 


ek 




- ^/2 


£k 


+ I - 2 I f*?" 




(5.20) 


To avoid a possible confusion, let us point out that, leaving aside the issues of super conformal 
covariance, the 57/(211) chirality based on the coset ( 12 .5p and the covariant derivatives dehned 
in fl2.11l) (eqs. fl5.ll) - fl5.8p l is equivalent to that based on the coset fl5.12|) and the covariant 
derivatives fl5.13l) . Indeed, using the relation 77 = i7 — /iF, one can rewrite fl5.1ip as 


{Q\ Q,} = 2nl] + 2F [H-n{F + Z,)] 


which has the same form as the anticommutator in fl2.4p . with m = fi and the substitution F —)■ 
F + Zi. The generator F + Zi cannot be distinguished from F since Zi commutes with anything 
and does not act on the superspace coordinates. Then one can start from the supercoset (12.51) . 
make the shift F —)• F + Zi, and impose, instead of (15.51) . the condition (F + Zi)$ = 2k^ 
which can be realized either with Fd> = 2k^, = 0 or with Fd) = 0, Zi^ = 2k$, b = 2k. 

The relevant covariant derivatives fl2.11l) and fl5.13l) . equally as the solutions fl5.6l) and fl5.16l) . 
have the same form for both options. The difference between F and Zi is displayed at the 
full superconformal level: In the basis (77, F) the generator F entirely splits from all other 
super conformal generators, while there is no way to make Zi not to appear on the right-hand 
sides of the relevant anticommutators (see eqs. flA.4p - flA. 6 D for the case Z 2 = Z 3 = 0 ). 


5.2 Superconformal Lagrangian 

The general SU{2\1) invariant action of the chiral superhelds is dehned as 


5($) = 


dt L = - 
4 




(5.21) 
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where / (<h, $) is a Kahler potential. The corresponding component Lagrangian reads 

L = g^z+'^-g {lit - tc) - ^ ihz - zg,) - ^ Bg, -^{lY Bg^ 

+ gBB + {lY gz-z + ibfi {^Z -ztg-^g^ {zfz - zft 

(5.22) 


where 

^ \ f f ’ 

^ = \ (^^2 + g + {b-l)g + ^. ( 5 . 23 ) 


Here, the lower case indices denote the differentiation in 2 ;, ^ , f^z = d^d^f , and g '■= fzz is the 
metric on a Kahler manifold. Performing the redehnition fl5.17p in fl5.22p and choosing b = 2 k, 
one can see that this Lagrangian coincides with the chiral SU{2\1) Lagrangian given in j4] on 
the basis of the snpercoset (12.5p . in accord with the eqnivalency of two dehnitions of chirality, 
as was discussed in the end of the previous subsection. 

According to fl5.19p . in order to render the action fl5.2ip superconformal, one needs to dehne 
the Kahler potential as 

£')($,$) = ($$)^ . (5.24) 


Then the Lagrangian 



(zz)^^ ^ 

452 

^26-1 
^ 863 


zz + -(^,e-^ie]+BB 


[z-zy 


\2 fs- 


(0^ (0^ 


^ {zz -zz) + ^ (0^ Bz + ^{^YBz 




2b 


(5.25) 


is invariant under the superconformal transformations (15.201) . 

The simplest case of (I5.25p corresponding to the choice 6 = 1/2 and yielding the free action, 

=2z+'- {l,t - 6e) +BB-^zz, (5.26) 

was previously worked out in 110 

Thus we observe that the superconformal sigma-model type action for the multiplet (2, 4, 2) 
exists only for the non-zero central charge Zi, i.e. the relevant invariance supergroup is 
S'17(l,l|2), not its quotient PSU{1,1\2). It is worth noting that the action fl5.2ip with the 

These actions become identical after choosing k = 1/4 and making the redefinition (15.171) in the action of 
ref. [ 4 ], which eliminates there the term ^ Note that the su{2\2) symmetry found in this problem in [4] 
appears only at the quantum level and is not related to the superconformal symmetry 5't/(l,l|2) xi C/(l) which 
is present already at the classical level. 
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superfield Lagrangian fl5.24p . at any 6 7 ^ 0 , is in fact related to the free bilinear action through 
the held redehnition 

= 1)^ , = ^JdC{l + . (5.27) 

In other words, without loss of generality, we can always choose 6 = 1/2 and deal with the 
Lagrangian fl5.26|) . The same equivalence to the free actions is valid also for other types of the 
super conformal sigma-model term of the multiplet (2, 4, 2). 

5.3 Conformal superpotential 

One can dehne the chiral superspace measure d(i which is invariant under the superconformal 
transformations (15.9^ : 

da = dtL d^Q , < 5 , {da) = a {da) = o. (5.28) 

Taking into account the explicit form of the superconformal transformations with 6 7 ^ 0, eqs. 
(15.181) . the only superpotential term respecting superconformal invariance is: 

^P°*(<1)) = iyj da hi + C.C.. (5.29) 

The corresponding superconformal Lagrangian reads 

nf = + I?) + <=■<=■ ■ (5-30) 

After summing it with fl5.26p and eliminating the auxiliary helds, the on-shell superconformal 
trigonometric Lagrangian acquires the standard conformal potential 

|z/P 

-4^, (5.31) 

zz 

2 

in addition to the oscillator term —^zz. Thus the non-trivial dynamics in the Lagrangian 
of the multiplet (2, 4, 2) invariant under the trigonometric realization of the superconformal 
group arises solely due to the superpotential term (I5.29p . For the parabolic realization, the 
same statement can be traced back to m- 

5.4 Inhomogeneous superconformal action at 6 = 0 

As was already mentioned, at 6 = 0 (or, equivalently, at k = 0 ) we encounter difficulties, when 
trying to construct the superconformal action. It is still possible to define the inhomogeneous 
superconformal action with 6 = 0 by resorting to the same procedure as in Section 14.51 Indeed, 
the parameter b can be identihed with a central charge of sm( 1 , 1 | 2 ), therefore one can identify 
—b with the scaling dimension of the chiral multiplet [HI [22l |23]. Making the redehnition 

z — ^ ^ T ^ ^ (5.32) 

b b 
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detaching the singular factors and, hnally, sending 6 —)■ 0, we obtain the Lagrangian 


T {b=0, p) _ 
J-Jcr- 


Z-\-Z 

e 


zz + -[i£-i£)+BB 


I r, 


4p 


tik (I - i) e 


4p L 


( 0 ^ B+{iYB\e^ + ^^e^ {if {if- e 


z + z 
Ip _ 


It can be derived from the following SU{2\1) superheld action 

^£=o,p)($) _ f =p^ ! di{l + 2fx9^9k)~^ 


(5.33) 


(5.34) 


The relevant supersymmetric transformations fl5.20l) with 6 = 0 should be extended by the 
inhomogeneous pieces 


S{p)C = (?e 


yPt - 


5(^p)Z = 5(p\B = 0 . 


ipy 


(5.35) 


This is equivalent to saying that, at 6 = 0, the “passive” variation of the holomorphic chiral 
superheld under both supersymmetries involves only the inhomogeneous parts 

= 2p^I . (5.36) 

It can be obtained from the transformation fl5.18l) . where is shifted as 


d>L ^ $L + y 
b 


(5.37) 


in conjunction with the shift (I5.32p . Then we can write the invariant superpotential term as 
^'Pf ($) = u [ dCL^L + c.c. ^ L'Pf = 2uB + 2uB. (5.38) 


The action (15.341) . like its 6 7 ^ 0 counterpart, can be reduced to the bilinear action by means of 
the redehnition 

g2p 

Then the full 6 = 0 superconformal superheld action amounts to a sum of the free kinetic action 
and the logarithmic superconformal potential. 

Note that the action fl5.34p can be rewritten as 


I dCe^, 


(5.39) 


where 


^{t,9,9) =^L{tL,9)- pp9^9u (1 - /i 9^9f , (5.40) 

and 

6 $ = pp {^9, + ei9f - pp {I-p 9^9k) (3k^4e*'^' - . (5.41) 

The superheld (15.401) can be regarded as a solution of the chirality condition (15. Ih ) with the 
covariant derivative (I5.13p . in which the central charge Zi acts on $ as the pure shift 

Zi^ = p. (5.42) 

In this way, the parameter p ^ 0 activates a non-vanishing central charge in sm(1, 1|2) . Thus 
the superconformal sigma-model type action at 6 = 0 exists only on account of a non-zero 
central charge in sm (1, 1|2) , like in the 6 7^ 0 case. 
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5.5 The limit /i = 0 

As an instructive example, we consider the parabolic chiral model obtained in the limit /i = 0. 
In this limit, the super conformally invariant action of the chiral multiplet becomes 

= ^j dtd?ed?e . (5.43) 

The chiral superheld <h transforms under the superconformal charges as 

5^ = -Aibe'^Oi^, (5.44) 


while transforming as a scalar under the d = 1 Poincare supersymmetry with the parameters 
e'*,e'. The whole amount of superconformal transformations is derived from the trigonometric 
ones according to the procedure fl4.37p . The parameter b is still interpreted as the central charge 
of sm(1, 1|2). Then the superconformal component off-shell Lagrangian 


^(m=o) _ 


(zz 


r-l 


462 

26-1 






863 




^ {zz -zz) + ^ ( 0 ^ Bz+^{^YBz 


(5.45) 


is invariant under both the Poincare and the superconformal J\f = 4,d = 1 transformations 

6z = -V2e',e + V2te[e, 

SC = V2i Cz - V2 e'^B -V2iCCtz- 2bz) + ^21 e'^B, 

SB = -V2idf,i^ + V2iCJti^-{2b-l)C] • (5.46) 


The inhomogeneous superconformal Lagrangian at 6 = 0 reads 


z-\-z 


/,(m=oT=o,p) ^ CCp 


zz^-^[CC-iiC\^BB 


^ i ik {z-z)e 
4p 


4p 




and it can be deduced from the superheld action 

^£p=o,6=o,p)^^) = [ [ dtd^Od^e^. 


(5.47) 


(5.48) 


In the inhomogeneous case, the superconformal transformation of the superheld <h involves only 
the inhomogeneous piece 


5^p)^ = -AipC’^ek. (5.49) 

Since the superpotential terms fl5.30p and fl5.38p do not depend on p, their form is preserved 
in the parabolic limit p = 0. The only peculiarity is that the invariant chiral integration 
measure fl5.28p turns into the hat measure dtid^O. Obviously, the kinetic superheld term 
(I5.48P is reduced to the free one after the appropriate holomorphic redehnition of <h. 
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6 Generalized chiral multiplet 

6.1 Another type of chiral SU{2\1) superspace 

In [5], there was defined a different kind of 517(211) chiral superfields. Let us consider the 
general coset (15.12p . The chiral condition (15.ip can be generalized as 

(a)f>,(p = 0 , (b) P'(p = 0 , ( 6 . 1 ) 

where the spinor derivatives 'D\ Vi are the following linear combinations of the covariant deriva¬ 
tives defined in f|3.33l) : 

= cos A A — sin APj, = cos A P*-|-sin A "D*. ( 6 . 2 ) 

One can treat such combinations as the result of particular rotation by an extra SU'{2) group 
with the generators {C,C,F}. In general, the SU'{2) transformations break the covariance of 
the constraints fl 6 .ip . The latter remain covariant only under the special combination of the 
SU'{2) generators, 

F' = F cos2A + ^{C + C) sin2A . (6.3) 

Thus the constraints fl 6 .ip are covariant under the superconformal group 11(2,1; a) only 
for a = —1, when it is reduced to the supergroup PSU{1, 1|2), and under the external auto¬ 
morphism U{1) group with the generator F' fl6.3p . The Hamiltonian "H is identified with the 
whole internal U{1) generator of the non-extended subalgebra sm(2|1) C psu{l, 1|2) for a = —1, 
m = fi. 

The conditions (16. ip amounts to the existence of the left and right chiral subspaces: 

{iL,e,), (4,1% (6.4) 

where 

ii = t + i 6^6k , Oi = ^cos A 6**6 2 ^* - 1 - sin A 0 je“ 2 ^* j ^ 0^0^ . (6.5) 

As expected, the coordinate set (tL,9i) is closed under the SU{2\1) transformations 

66i = cos A + p e’^OkOi j -h sin A + p e^OkOi j , 

Sh = 2i cos A e4fc - 2i sin A . ( 6 . 6 ) 

The second SU{2\1) transformations 

66i = cos A - pe’^OkOi -h sin A j , 

% = 2i cos A e’^Ok - 2i sin A e’^Ok (6.7) 

are generated by fl3.29p for a = —1 and also leave the left chiral subspace invariant. The chiral 
subspace (16. 5 p is not closed under the SU'{2) transformations generated by {C, (7, F}, except 
those generated by the 17(1) generator (16.3p . 
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Since at a = — 1 the super conformal group admits the central extension, in what follows we 
will assume that the a = —1 spinor covariant derivatives in the dehnition fl6.2l) are replaced by 
the central-extended ones V^^^Vzi fl5.13|) . i.e. in the chirality constraints fl6.ip we will use 


Vi = cos XVzi —smWzi-, "D* = cos A -|-sin A • (6-8) 

Assuming that the central charge acts on the superheld aJ^ 

Zi(p = 6cos2A(p , (6.9) 

the solution of (16.ip is given by 

^^{tL,e)=z + V2he + {0fB. (6.10) 

As we will see, the parameter |6| is associated with the norm of the triplet of central charges 
like in the previous Section, since in the case under consideration the superalgebra psu{l, 1|2) 
turns out to be extended by three constant central charges. This is consistent with the limit 
cos 2A = 1 in the generalized conditions fl6.1l) . 

The transformations of the superheld (p are given by 


5^^ = 6/xcos2A?e 2 ^"* 
-|-6/icos2Aeie^^* 


h nk/ 


h nk/ 


COS A 6'i 1 -I- — 9 9k — sin A 1 — — 9 9^ 


-Hk 

2 




6s(p = 6/rcos2Ae*e2^* 


cosA^MlT TsinA^Ml 

h nk/ 




cosX9i{l-^9^9k] -smX9^ (l + ^9^9, 




+ bfi cos 2A EiC 2 




h nkt 


cosA0Ml-^r0fc +sinA0Ml + w^ 0 


cos X^9i{l-^ 9’^9k ] + sin A e% (1 + ^ 9’^9k ] 


h nk/ 




— 46/r 

The relevant “passive” transformations of the holomorphic superheld (fL are 
5e(pL = 26/icos2A ^cosAe*e“^^‘^ - sinAe*e^'^*^j 9iipL , 
= 26/icos2A ^cosAe*e5^*^ — sinj 9i(pL 
— Abjj. ("cos A -|- sin A e:*e“ 2 ^hA _ 


ip. 


( 6 . 11 ) 


( 6 . 12 ) 

Then the full set of the oh-shell transformations of the component helds is generated by fl6.12p 
and by the coordinate transformations fl6.6p . (16.71) : 

5z = — \/2cos — \/2sinAefc^^e“^^*, 

5C = \/2e* (icosAi — 6/rcos2A cos A^; — sin Ai?) e“ 2 ^* 

— \/2 e* {i sin A A — bfi cos 2A sin A z -|- cos A B) e 2 ^*, 

5B = — \/2cosAefc 

-|- \/2sin A Cfc 


^^^ + |(l-2&cos2A)e^ 
^^''-|(1 + 2 &cos2A)^^ 


e 2 ^** 


(6.13) 


^^The eigenvalue of the central charge Zi in this case is not obliged to be the same b as in Section 5. We 
hope that denoting it also by b will not give rise to any confusion. 
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dz 

se 


= -\/2cosXek^^e-^'^* - \/2smAsk^^e^'^\ 


= ^/2 


i cos A i + 2 bfi cos A ( 1 — - cos 2A ) z — sin A S 


g>i 


6 B = 


V 2 e 
^/2 cos A Ek 
\/ 2 sin A Ek 


i sin A A — 2bix sin A ( 1 + - cos 2X] z + cos A B 




e 2 


<?'‘-f?‘ + 26 fi(l-icos 2 Aj e 
+ -2bl^ (l + ^<:os2x\ e 






(6.14) 


The new set of the transformations 06.131) . 06.141) closes on the centrally extended superal¬ 
gebra 0A.4p - 0A.6P with the central charges 

Zi = 6cos2A, Z 2 = 6sin2A, ^3 = —6sin2A, {ZiY — Z2Z3 = b"^ . (6.15) 

The precise realization of the central charges on the superhelds (p, (p is given by the following 
transformations 


5ip = 2 ibpi (ai cos 2A -|- 02 sin 2A) (p, 

where ai, 02 are inhnitesimal parameters associated with Zi and Z 2 = —Z 3 . 


(6.16) 


6.2 The superconformal Lagrangian 

The most general sigma-model part of the 517(211) invariant action of the generalized chiral 
superhelds ip(t,9,9) is specihed by an arbitrary Kahler potential f{ip,(p): 

1 


S{(p) = dtL = - dCf{(p,(p ), 


where the 517(2|1) invariant measure is 


dC = dt d^9 d^9 1 + p cos 2A 9^9k — ^ sin 2A (0) ^ ^ sin 2A {9) 


/i 


(6.17) 


(6.18) 


2 ' ' 2 

This measure is not invariant under the second-type 517(211) transformations (with p —)■ —p). 

The transformations of dC, can be canceled, using the inhomogeneity of the chiral superheld 
ip transformation (16.lip for 6 7 ^ 0. One can check that the superconformal action is uniquely 
specihed by the following Kahler potential 

/scn<7,<7) = ■ (6.19) 

The corresponding full superconformally invariant oh-shell component Lagrangian reads 


w = 


{zz)^'> ^ 

452 

26-1 


zz + -[i£-i£]+BB 


(26-1)2 

-U J- — (zz) ^ 

+ 6464 


( 0 ^ (O' 


863 

26-1 

1662 

(zz)^' 


(zzy- 


(h - a) + i (O'' +1 (if Bz 


(zz)^'>’ Vsin2A z^(0^ + z^(^) 


n __ hUj^ 

^ sin 2A [Bz -|- Bz) + cos^ 2A zA 


( 6 . 20 ) 
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In the particular case cos A = 1, one conies back to the Lagrangian fl5.25p . 


6.3 Remark 

Let us make the following redehnition in (I6.2np 

B = B + hiism.2\z, and c.c.. 


( 6 . 21 ) 


The redehned super conformal Lagrangian fl6.20l) exactly coincides with the previously con¬ 
structed superconformal Lagrangian (15.2511 (with B ^ B). However, it is invariant under the 
following modihed transformations 

6z = — \/2 (cos A Cfc-I-sin Akfc) — \/2 (sin A Cfc-I-cos A^fc) 

= \/2 (cos A? - sin Ae*) (ii - 6/iz) - \/2 (sinAk*cos Ae*) 

— \/2 (sin A e* — cos A k*) {iz + b^z) — \/2 (cos A e* -|- sin A k*) 


6B = — V 2 (cos A Cfc — sin A Ek) 
-|- \/2 (sin A Cfc — cos A Ek) 




^e + [b--]^ie 






( 6 . 22 ) 


which are just fl6.13p . fl6.14p rewritten in terms of B dehned in fl6.2ip . These transformations 
are induced by (16.611 . (16.711 and the superheld transformations 


5(pL = 2biJ, (cos A e* — sin A £*) e 2 ^^*^ — (cos A e* — sin A e*) 




(6.23) 


The newly dehned chiral superheld (fL encompasses the held set {z,^’^,B) and is related to 
(16.1011 as 

V^L{iL,0) = 1-h 6/isin2A (0)^ (fL{iL,0), (pL{iL,0) = z + ^/2 6k^'" + {6^3 . (6.24) 

Note that the Ei,£^ transformations in (I6.22p . (I6.23P are obtained from the ej,e^ ones just by 
the replacement p —/i in the latter, in the agreement with the general statement of Section 

3. 

After passing to the new independent linear combinations of the inhnitesimal parameters 
{e, e, e, k} as 


efc = cos A Cfc -|-sin A , k*, = cos A sin A e*, , and c.c., (6.25) 

the above transformations take just the form of (I5.2np . These new combinations of the param¬ 
eters correspond to the following redehnition of the D{2, 1; a= — 1) supercharges 

Q* = cos A Q* — sin A 5*, 5 * = cos A S'* — sin A Q*, and c.c.. (6.26) 

The redehned supercharges close on the superalgebra (IA.4I1 - (IA.6P with the single central charge 
Zi = b, i.e., the superconformal models of the generalized chiral multiplet prove to be equivalent 
to the superconformal models associated with the standard chiral multiplet. One can check 
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that the generator fl6.3p is the U{1) automorphism generator of the sm(1, 1|2) superalgebra with 
the supercharges Q*, S^- Thus, as far as the super conformal 517(211) mechanics is concerned, 
the generalized 517(2|1) chiral multiplet does not give rise to new models compared to the 
“standard” chiral multiplet. 

More details on connection between the standard and generalized 5f/(2|l) chiralities from 
the superspace point of view are given in Appendix [Bl 

7 The “mirror” multiplet (2,4,2) 

The a = 0 version of the chirality conditions fl5.ll) or fl6.1l) is not covariant under the full second 
SU'{2) oc {F, (7, C} and, hence, under the super conformal group 71(2,1; q;=0) which necessarily 
contains SU'{2) as a subgroup. 

However, one can dehne the “mirror” chiral multiplet (2,4, 2) which respects the covariance 
under the a = 0 superconformal group realized in the coset (13.241) . Using the a = 0 covariant 
derivatives fl4.57p . we may impose the relevant chiral conditions as 

Vi^ = V^^ = 0. (7.1) 

It is straightforward to show that at a = 0 these conditions are covariant with respect to the 
superconformal symmetry PSU{1, 1|2) xi t/(l)ext, with the internal SU{2) group generated by 
{F,C,C} and "H as the Hamiltonian. The generator II = —plays the role of an external 
automorphism f/(l)ext generator, while the generators If, l\ violate the covariance of (17.ip 
and so should be thrown away. Since the SU'{2) generators {F,C,C} form a subalgebra of 
Psm( 1,1|2), allowing the chiral superheld to have an external U{1) charge with respect to F 
would entail the necessity to attach the whole SU'{2) index to <h. This would result in extension 
of the held contents of <h. In order to deal with the chiral multiplet possessing the minimal 
held contents (2, 4, 2), we are so led to require that 

F$ = 0. (7.2) 

The conditions (17.ip amount to the existence of the chiral subspace (tL,0i,9^), where 

tL = t + i9^9i — iP92. (7.3) 

It is closed under the superconformal transformations 

6tL = 2i {e^9i + €29^ + e^9xF^^^ + , 

50^ = ei + + 2p£2^^^ie"*^'U 

= f F - 2/i F9xF^F^^^ . (7.4) 

As in case of the a = —1 chiral multiplets, we extend the algebra fl3.2ip by the central 
charge generator: 

{Q\ Q,} = 25] {U + ^iF) + 2^i 

= (7.5) 
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The superfield $ can have a non-zero charge under V: 

= al). (7.6) 

Then the extended algebra fl7.5l) is embedded in the a = 0 counterpart of (IA.4P - (IA.6D . Like 
in the coset fl5.12p . we place the central charge in the stability subgroup 

{Q\Qj,n,F,V} 


{^,V} 

The modified covariant derivatives are as follows 

d 


(7.7) 


{— - te^dt 


T >2 = 62 ^* 


d 


de^ 


+ te 2 dt + fiO^F - fie 2 V 


(7.8) 


Keeping in mind the condition (17.2p . the solution of (17. ip can be written as 

\z{tL) + V2e^T]\tL) + V2pf,2itL) - 2e,e^B{tL)\ ■ (7.9) 

Thus the number a is an analog of the charge b and it can be identified with the central charge 
of the conformal superalgebra sm(1, 1|2) of the a = 0 case. 

The a = 0 chirality-preserving odd transformations of $ read 

5e<i> = ap (e^^i — 62 ^^) l> — a/i (e^6*2 — ei6^) !>, 

= - 3a/i (l - | !> 

- a/i (l - 3/i $. (7.10) 

They generate the off-shell transformations of the component fields 

bz = -\/2eip^ - \/2e% - \/2e:ir7V“5^‘- 

5?7^ = \/2e^ (ii - a/i^) + x/2e^_Be“^^*-1-(ii-F a/i2;) 

bfi2 = \/2e2 (fi + apz) -f \/2e2 (*^ — o-A'-^:) 


bB = -^/2 


£2 


+ [a- - ] 




ir] 






V 2 e^ 


The superconformally invariant superfield action 


tV 2 - \ a- -] ^n ]2 


ir ]2 + [ a - - ] ^iri 2 


62 


/it 




j_ 

\ 2a 


(7.11) 


(7.12) 


yields the following component super conformal Lagrangian: 


j^{a=0,a) _ 


[z-zV 


4a2 


ZZ + - (pip* - rjiv'') + BB 


( 2 a- 1 )^ 
64a4 


zz)' 2 '^ ivY{rjy 


zz 


2 a — 1 , j_ 2 

8a3 

,2 


- - p2h^) + V^V^Bz -1- TjirYBz 


A'- / 

- . 


(7.13) 
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One can cast it into the form of the Lagrangian 05.251) by passing to the fermions with the 
primed doublet indices as 


C’. vi = m = f, 

(^‘') = ir . (>;') = >7i ■ 


(7.14) 

(7.15) 


This redehnition makes manifest the property that the fermionic helds are transformed as 
doublets of the SU'{2) group with the generators {F, O, C}. 

As in the case of a = — 1 , we can add the super conformal superpotential term 

(“=o) ($) = s j dtL dOi dP In + c.c. ^pot(a=o) _ 2s 

which yields on shell the standard conformal mechanics potential in addition to the oscillator- 
type term ~ pt? coming from the super conformal superheld kinetic term. The latter can be 
reduced to the free one as in the previous cases. 

Thus the superconformal action at a = 0 can be constructed using the superheld approach 
associated with the a = 0 supercoset fl3.24p . while the a = —1 action fl5.25p was based on the 
S'[/(2|l) supercoset. In the parabolic limit p = 0, both supercosets are reduced to the standard 
hat A/" = 4, d = 1 superspace. 


^ + (7,16) 


8 D-module representation approach 

Here we sketch a diherent approach to the d = 1 superconformal actions based solely on the 
component held considerations [ 2 ^ l23l ITT] . 

8.1 The A/^ = 4 linear supermultiplets 

As a preamble, it is instructive, following ref. [H], to give a concise account of the general 
superconformal properties of the set of linear A/" = 4 supermultiplets (k, 4, 4 — k) for k = 
0,1, 2, 3,4, despite the fact that in the present paper we deal with the cases fc = 1, 2 only. 

The linear supermultiplets (k, 4, 4 — k) for k = 0,1, 2, 3,4 exist in the parabolic and hy- 
perbolic/trigonometric variants [2]. The parabolic variant leads to actions which are both 
superconformally invariant and show up the manifest Poincare supersymmetry. The hyper- 
bolic/trigonometric variants lead to superconformally invariant actions in which the d = 1 
Poincare supersymmetry is implicit (the corresponding supercharges are not a “square root” of 
the canonical Hamiltonian as the time-translation generator) so they look non-supersymmetric 
or weakly supersymmetric. The potentials are bounded from below in the trigonometric version 
(i.e., they are well-behaved). They are unbounded (bad-behaved) in the hyperbolic version. In 
the parabolic case the Hamiltonian is a Cartan generator of the conformal so(2,1) subalgebra. 
In the hyperbolic/trigonometric case the canonical Hamiltonian is a root generator of so(2,1). 

The connection of these A/" = 4 linear supermultiplets with the A/" = 4 superconformal 
algebras and the corresponding scaling dimensions A/j is as follows [221 [231 12 ] : 

• (0,4,4): D(2,l;«=2Az?); 

• (1,4,3): iA ( 2 , 1 ; q;=A£)). At a = —1 and a = 0, the extra inhomogeneous constant 
parameter c is allowed; 
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• (2,4,2): sm(1, 1|2). The scaling dimension is associated with a central charge of 
sm(1, 1 |2) as Xc = —h] 

• (3,4,1): D(2,l;«=-Az?); 

• (4,4,0): D{2,l-a=-2XD). 

For all multiplets except (2,4, 2), the superconformal algebra at a = —1,0 can be reduced to 
the superalgebra psu{l, 1|2). 

Another type of inhomogeneous linear transformation HI is only present at = 0. The 
inhomogeneous parameter is p. The supermultiplets (k, 4, 4 — k)p carry a representation of 
psu{l, 1|2) for fc = 0 ,1,3,4 and its central-extended version sm(1, 1|2) for k = 2. One should 
note that the superconformal actions based on (k, 4, 4 — k) at a given Xjy are not dehned at 
Ad = 0. On the other hand, the superconformal actions based on (k, 4, 4 — k)p are well-dehned. 


8.2 Superconformally invariant (2,4,2) actions from the D-module 
approach 

In [IT] , all hyperbolic H-module representations for the A/" = 4 linear multiplets (k, 4, 4 — k) 
were obtained and the trigonometric H-module representations can be easily derived from the 
hyperbolic representations. Then one can construct the hyperbolic/trigonometric supercon¬ 
formal actions proceeding from the H-module representations. The method of construction is 
described in [ 22 ]. Some superconformal actions of the supermultiplet (1,4,3) were found in 
this way in [T3]. Here we present the realization of the A/" = 4 superconformal algebras and 
perform the construction of the superconformal actions for the supermultiplet (2, 4, 2) in this 
alternative approach. 

We use the same notation and dehnitions for the component helds and superconformal 
generators as in the previous Sections. The action of generators of the conformal algebra are 
given below: 


nz = iz, nc = UB = iB, 


Tz = {iz - hpz ), Tf = 


^C-[h--]pC 


Tz = {iz + bpz ), Tf = 


ifit 


^C+[h--]pC 


, TB = iB-{h- 1) pB , 

, TB = \iB + {b-l) pB] . (8.1) 


The fermionic generators are specihed by 


Q^z = -V2C 
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lit 


= \/2 Q^B = 0 , 


QiZ = 0 , Qi^’" = -\/2 5^ {iz - bpz) e QiB = -V2eik 




&-2 


e 2 /^h 


S^z = -V2Ce-^^\ = 0 , 

SiZ = 0 , = —^2b\ {iz + bpz) SiB = —\f2eik 


^e+[h-~-]pe 


e>h( 8 . 2 ) 


Since all (2,4,2) Lagrangians can be reduced to the free Lagrangian 05.261) . it is enough to 
consider the free case b = 1/2. Then the superconformally invariant action is generated from 
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the prepotential f{z, z) by acting with the supercharges Qi on the propagating bosons z, z as 

^^QiQ‘Q'‘Qtnz,z). (8.3) 

The prepotential f{z, z) can be found from the constraint that the action of conformal gener¬ 
ators on the Lagrangian produces a total time-derivative: 

T ^ m, f = ^M, (8.4) 

where the explicit form of M is of no interest for our purposes. Solving these constraints, we 
obtain the prepotential 


f{z,z) = zz. (8.5) 

The corresponding superconformal action fl8.3|) generated from the D-module representations 
can be shown to coincide with the superconformal action fl5.26p derived from the 517(211) 
superspace approach. 

The superpotential term fl5.30p can also be equivalently constructed using the H-module 
approach. We dehne 

iff = I fc(z) +i y 0. (>(2) (8.6) 

and impose the conformal constraints in the same way as for fl8.4p . As their solution we uniquely 
obtain 


h{z) = —i'\nz, h(z) = —i'\nz. (8.7) 

It is direct to check that fl8.6p for such h{z) coincides with fl5.30p . 

Note that the superheld and H-module approaches can be regarded as complementary to 
each other. The second method directly yields the component off-shell Lagrangians. On the 
other hand, the superheld techniques bring to light some properties which are hidden in the 
component formulations. For instance, the reducibility of the general sigma-model type action 
of the multiplet (2,4,2) to the free one is immediately seen, when using the chiral 517(211) 
superheld language, as in Sections 5-7. 

9 Summary and outlook 

In this paper, we presented the superspace realization of the trigonometric-type A/" = 4, d = 1 
superconformal symmetry. This realization can be given in terms of the 517(2|1) superspace 
at a 7 ^ 0 or in terms of the 17(1) deformed hat A/" = 4, d = 1 superspace at a = 0. In the 
contraction limit /i = 0, the relevant superconformal models are reduced to the standard models 
of the parabolic superconformal mechanics, with the superconformal Lagrangians constructed 
out of the standard A/" = 4, d = 1 superhelds. The main advantage of the 517(2|1) superheld 
approach (or its degenerate a = 0 version) is that it automatically yields the trigonometric- 
type realization of the superconformal symmetry, with the correct-sign harmonic oscillator term 
~ /i^ in the component actions. 
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Our construction is based on the new observation that the most general A/" = 4, d = 1 
super conformal algebra D{2,l;a) at a 7 ^ 0 in the 517(211) superspace realizations can be 
represented as a closure of its two s-u( 2 |l) subalgebras, one of which dehnes the superisometry 
of the underlying 517(2|1) superspace while the other is obtained from the hrst one by the 
reflection of the contraction parameter as /r —?• —/x. This suggests the simple selection rule for 
singling out the super conformally invariant actions in the general set of the 517(2|1) invariant 
actions constructed in HE]. The super conformal 517(2|1) actions are those which are even 
functions of /i. The superalgebra D{2, 1; a=0) ~ psu{l, l|2)0sn(2) (and its central extensions) 
admit a similar closure structure, this time in terms of two /x-dependent 17(1) deformed flat 
Af = 4,d = 1 superalgebras. 

We gave an off-shell superheld formulation of the trigonometric super conformal actions of 
the multiplet (1,4,3) some of which were constructed earlier at the component level in [IT] , 
and presented new trigonometric super conformal actions for the chiral multiplet (2,4,2). For 
the latter multiplet the superconformal actions exists only for a = —1 and a = 0 , and they 
are always reduced to a sum of the free kinetic (sigma-model type) 517(2|1) superheld action 
and the superconformal superheld potential, yielding, in the bosonic component sector, a sum 
of the standard conformal mechanics potential ~ and the oscillator term ~ /x2|z|2. The 
517(2|1) superheld approach provides a simple proof of this notable property. Another feature 
easily revealed in the SU{2\1) superheld approach is that the superconformal a = —1 models 
corresponding to the generalized (2, 4, 2) chirality |5] proved to be equivalent to the supercon¬ 
formal models associated with the standard chiral 517(211) multiplet. The common property 
of all superconformal sigma-model type (2,4,2) actions (at a = —1 and a = 0) is that they 
exist only on account of non-zero central charge in the corresponding superconformal algebras 
sxx(l,l|2). We also presented an alternative way of deriving the component superconformal 
( 2 , 4, 2 ) actions, based on the i7-module representation approach developed in [Tll[22l[23], and 
found the nice agreement with the superheld considerations. 

It would be interesting to use the 5f/(2|l) superspace approach to construct analogous mod¬ 
els with the trigonometric realization of superconformal symmetry for other oh-shell 517(2|1) 
supermultiplets, with the held contents (3, 4,1) and (4, 4, 0), as well as the multi-particle gen¬ 
eralizations of all such models (including those studied in the present paper). Also, it seems 
important to better understand the relationship between the 517(211) superheld approach and 
the component approach based on the D-module representations of the superconformal sym¬ 
metries, including D{2, 1; a). Finding out the possible links with the superconformal structures 
in the higher-dimensional theories based on curved analogs of hat rigid supersymmetries (see, 
e.g., [ 21 ]) is also an urgent subject for the future study. 
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A Central extension of superconformal algebra 

At a = —1 (or a = 0) it is possible to extend the superalgebra D (2,1; a) by additional central 
charges. In this particular case, the (anti)commutators fl3.ll) . 03.21) can be cast in the form 

{Qaii'y Q/3jj'} 2 j' Jij ji^ , 

[^0/35 Q'yii'l ^ y [^a/3; ^ 75 ] ^ (*^a7^/3<5 3“ ^/SsToi'y^ , 

[t/p, Qaki'^ ^ ^k{iQ aj)i' y Jkl\ ^ i^^ikJjl 3“ ^^jlJik) y (-^'1) 

where the central charges Cj/y commute with all other generators. They form a vector with 
respect to the automorphism S'17'(2)ext transformations acting on the indices The norm 
of the vector Q/j/ of central charges, 

\C\^,= ]^&'^'C,U'y (A. 2 ) 

is an invariant of these S'f/'(2)ext transformations. Hence, in the case of constant central charges, 
we can choose the S'f/'(2)ext frame in such a way that only one non-vanishing central charge 
remains, e.g., its third component: 

Ci' 2 ' 7 ^ 0 , Cyi! = C2'2' = 0 . (^-3) 

Simultaneously, S'[/'(2)ext is reduced to the automorphism [/(l)ext- 

One can equivalently rewrite the superalgebra (lA.ip as the appropriate extension of (13.9|) - 
(I3.12P at a = —1: 

{Q\ Q,} = 2/iJi + 26] {H-fi Zi) , {S\ Sj} = -2/i/; + 26] CH + p Z^) , 

{S\Qj} = 26]T, {Q\S,} = 26]T, 

{Q\ S^} = 2fxe^^Z2 , {Qj, Sk} = 2fxejkZs , (A.4) 


[/•,/,'=]= ip;-i;/y 

[liyQ’^]=^-Q^-ls]Q^ 


[/], §,] = i ^S, - SfSj , 

[1], = 6^S^ - ^ 

(A.5) 


[n,f] = -/if. 


[w,s,]=-|s,, [w,s‘]=|s‘, 

[nyQi] = ^Qiy [n,Q^] = -^Q^ 


[r,(j*] =-^s‘. [r.S,] = -^<5,, 

[f,Qj] =/if,-, [f,S^]=f^Q\ 

(A.6) 


According to fl3.8p , the central charges appearing here are related to the central charges dehned 
in flA.ip as 

C,,2' = C2^v=tZi, Cvv=iZ2y C2'2'=tZs, \C\^ = (Z,)^ - Z2Z,. (A.7) 
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B More on SU{2\1) chiralities 


As was demonstrated, the superconformal SU{2\1) models of the ( 2 , 4, 2 ) superheld dehned by 
the generalized (central-charge extended) chirality condition (16.1 p are in fact equivalent to those 
constructed on the basis of the superheld subjected to the “standard” chirality condition (15.Ih 
(or its central-charge extended version flS.lSp ). So in the superconformal case the parameter A 
entering (16.ip . fl6.2p . fl 6 . 8 p is unessential. This is in contrast with the pure SU{2\1) invariant 
models in which A is a physical parameter specifying a new class of such models |5]. 

Let us discuss the interplay between two types of the 517(211) chirality in more detail, 
based upon the superspace considerations. It will be useful to pass to the coordinates {t, 9j, 6 **} 
dehned by the relations fl3.38p . Being specialized to a = — 1, these relations read: 


0 . = (1 - ^ e’^Ok) = 9j, tL = t + i 9^9i , 


0i = (1 - ^ e’^9k ] = , tR = t-i9%. 


(B.l) 


The 517(211) supercharges fl3.39p are rewritten as 


Q* = 


1 - ^6% - ^ 




d 


d 


d9i 


- ^9^9^^+ i9Ul + ^9^9k)dt}, 

d9k 


h nk'/ 


Qj = e 








^ +f^9,h^ + i9jl + ^9%)dt\iB.2) 


893 


d9k 


The extra generators 5* completing 517(2|1) to D{2, 1; a= — 1) are represented in this basis as 
5(p) = The covariant derivatives (15.131) take the form 

,2 


Uz — 


T8zj - 


i + (»)"(»)■ 




UUi 






8 


893 


+ i9j8t — /i 9jZi ) . 


(B.3) 


We ignore the matrix 517(2) generators Jj in because the generalized chiral superhelds 

dehned by (16. ip cannot carry external 517(2) indices owing to the compatibility relation 


{Vk, Vj} = - 2 /i sin 2 A , 


and C.C.. 


Using the explicit expressions (IB.3p . the generalized chirality condition 
according to (16.8p can be rewritten in the basis {t, 9j, 6 **} as 

,2 __ / Q 


with Vj dehned 


Vm = 


l + ^9%-^^{9f{9y 

- Eji sin A f -I- /i ¥Zi 

\89, 




cos A 


893 

(p = 0 . 


-|- i9j8t — /i 9jZ\ 


(B.4) 


It is easy to check that the coordinates 9i dehned in (16.51) and parametrizing the left chiral super¬ 
space (16.4p can be represented, for generic A, as a particular 517(2) rotation of the coordinates 

h 


9i = cos \9i + sin A (9j, 0* = cos A 6 ** — sin A 9\ 


(B.5) 
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In the basis {t,9j,9^} the condition flB.4p becomes 

Vj(p 


Comparing fIB.bp with the “standard” chirality constraint flS.lSp written through Vzj from 
fIB.Sp . we see that they have the same form, up to an unessential non-singular scalar factor and 
the change of Grassmann coordinates as 9 ^ 9. 

One can dehne the new supercharges 

= cos XQ^ — sin X S\ and c.c., (B-7) 

and check that they coincide with the generators (IB.2D in which the same substitution {9,9) 

{9, 9) has been performed. The same applies to the S'* supercharges 

S* = cos A S* — sin A Q*, and c.c., (B-8) 

and the corresponding conformal subgroup generators. We also observe that the U{1) generator 
(16.31) takes the form 


_ _ _ 2 — " 

1 + I cos 2 A Hk - ^ sin 2 A 

X (— %- + i9jdt — fi9jZi] (f = 0 . (B- 6 ) 

V d9^ J 


F'= Fcos2A + -(G + G) sin2A = - {9^^-9k^ 
2 ^ ^ 89 ^ 09 , 


(B.9) 


which, up to the coordinate change just mentioned, coincides with the dehnition fl3.4ip of F. 

As was shown in Section 16.31 the transformations fl6.22p of the component helds under the 
supercharges (lB.7p . (IB.Sp with the parameters q, Si dehned in fl6.25p have the same form as the 


original {Q,S) transformations (15.201) with the parameters ej,ej. Accordingly, the superheld 
{Q, S) transformations fl5.18p of can be given the same form as the transformations fl6.23p 
of the superheld under the supercharges flB.7p . (IB.81) by rewriting fl5.18p through the 

coordinates (tL,9): 


S<^L{tL,0) (B.IO) 

Thus we observe the full similarity between and (fL modulo the change {tL,9) t-)- {tL,9). 

This phenomenon can be summarized as follows. In the basis {t,9j,9'^} the rotated super- 
conformal generators (lB.7p . flB. 8 p have the same form as the original supercharges Q*, S'* in the 
basis {t, 9j, 0*}. The super conformal subclass of the actions of the generalized multiplet (2, 4, 2) 
is invariant under both Q and S supersymmetries, hence it is invariant under their Q and S 
realizations as well. The generalized chiral SU{2\1) superheld dehned for the Q,S realization 
of the super conformal group looks just as the standard chiral SU{2\1) superheld with respect 
to the equivalent Q, S realization. So the super conformal (2, 4, 2) actions actually cannot dis¬ 
tinguish on which kind of the chiral SU{2\1) superheld they are built and, respectively, cannot 
involve any dependence on the parameter A. 
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To make the latter property manifest, let us proceed from the superconformal action of 
generalized chiral superheld ip{t, 9, 6) as the solution fld.lOp of flB.dp 

where the integration measure d( in the 517(211) superspace basis {t,9,9} is dehned in fib.isp . 
Since the component action fl6.20p has no dependence on A, the A dependence of the superheld 
action fIB.lip is also expected to be fake. Using the relations flb.lOp and flb.lSp . we rewrite 
(IB.lip through the (anti)holomorphic superhelds ipL, as 

= 1/[1 - |sta2A(9)2] [1 - |sm2A(9y](^i^K)®.(B,12) 

One can absorb the (anti)holomorphic factors in this action into the redehnition of (fi as 
in fl6.24p and cast flB.12p in the following hnal form 

Here, the newly introduced superheld 93 is a solution of fIB.bp with ZiipL = bipL- 

and it does not display any A dependence, equally as the action (IB.lSp . Comparing it with the 
superconformal action fl5.2ip . fl5.24p rewritten in the basis {t,6i,6^}, 

5W(<I>) = ^j dtcPOcPe (l + fx9’^9k^ , ^{t,e,e)= , (B.15) 

where the expression 03.431) for the d( integration measure was used, we observe its identity 
with 0B.13p . up to the interchange 9 ^ 9, as was anticipated above. Note that the integration 
measure in 0B.13p . 

dt d^9 dH (l + fi 9%^ , (B.16) 

is invariant with respect to 5f/(2|l) generated by the rotated supercharges 0B.7p . 

The non-conformal 517(2|1) invariant chiral actions are invariant under the transformations 
generated by Qi and but not under the Qi,Q^ transformations since the dehnition of the 
latter involve the superconformal generators Si and 5*. Hence they diher for the standard 
and generalized chiral (2, 4, 2) multiplets and depend on A as an essential parameter. It labels 
non-equivalent 517(211) actions and the corresponding SQM models [5]. 

C Hyperbolic superconformal mechanics 

The hyperbolic superconformal mechanics can be obtained by substituting the deformation 
parameter in the trigonometric models as /i —>■ ifi. One can see that the superconformal 
generators dehned in Section 13.21 go over to the new generators 

Qk^Qk, 5fc-^nfc, 

t^T2 , (C.i) 
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which behave under the Hermitian conjugation as 

(n^)^ = nfc, (0")^ = 0fc ^ (T2)^=T2, (Ti)^ = Ti, {h^)^ = u^. (c.2) 

In this basis, the basic anticommutation relations of D (2,1; a) can be rewritten as 

{m, 0,} = -2za/i /; + 25] [Hh + z (1 + a) /i F], 

{0*, IIj} = 2m/i 1] + 26] [Hh - i{l + a) fiF], 

{Q\Q,} = 26]T2, {W,n^} = 26]T,, 

{n\0^} =-2i(l+ a)/iF^C, {ej,Ilk} = 2i{l + a)ijejkC. (C.3) 

The bosonic truncation of the corresponding conformal group generators fl3.34l) yields their 
hyperbolic realization: 

n^ = tdt, Ti = te->^^dt, T2 = ie^^dt. (C.4) 

The corresponding hyperbolic realization of (I3.35p now reads 

H = - [1 + cosh fit) dt, K = -^ (1 — cosh fit) dt, D = — sinh fitdt, 7 ^ 0 . (C.5) 

2 fi^ fi 

In contrast to the trigonometric case, the time-translation generator Hh is now 

n^ = H-^K. (C.6) 

Due to the minus sign before fi'^K, we face the quantum mechanical problem in which the 
potentials accompanying the kinetic terms are not bounded from below, like in the parabolic 
case m- This difficulty could of course be cured in a similar way by passing to 

•Htrig = H+^K = cosh fit dt (C.7) 

as the correct time-evolution operator. The discrete energy spectrum with the canonical Hamil¬ 
tonian can be obtained only in the trigonometric models of super conformal mechanics. Note 
that D (2,1; a) contains no any self-conjugated subalgebra with four real supercharges, in which 
Hh would appear on the r.h.s. of the basic anticommutator, in contrast to the parabolic and 
trigonometric cases. 

C.l Example 

As an instructive example, we consider the simplest free case 6 = 1/2 of the multiplet (2, 4, 2) 

= a + I (fie - fie) + BB-f^z-z, (C.8) 

and the relevant super conformal transformations 

5C = V2d[iz-^ + V2t(iz + ^ z) - V2FBe-i>^\ 

6B = (C.9) 
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These transformations correspond to the snperalgebra flA.4p - flA.6D with Zx = 1/2. 

After the change /i —)■ i/r in fIC.Sp . flC.9j) . we obtain the hyperbolic mechanics Lagrangian as 

ricThT’ = ^ + SB + ^ . (c.io) 

and the snperconformal transformations as 

6^ = \/2 i b* ^ 2 ; j — V2 + \/2 (^z — — V2 

SB = (C.ll) 

The parameters n, v and C correspond to the snpercharges fl, H and 0, 0 , respectively. Note 
that the original SU{2\1) transformations are embedded in (1C.Ill) as 


Sz = -eki 
SC = ie 

where := - i^k) 




SB = 




z e 


3 2 


?e2 


fit 


+ f‘- 




■ le^ 

Cb 




e 2 ^* + ie 2 


2 


(C.12) 
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